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Abstract—In this paper we introduce an edge product cordial
labeling graph. For a graph, G = (V(G) , E(G)), a function f :
E(G)— {0, 1} is called an edge product cordial labeling of G if the
induced vertex labeling function defined by the product of incident
edge such that the edges labeled with 1 and label 0 differ by at most
1. Similarly, the vertices labeled with 1 and label 0 also differ by at
most 1.

Index Terms—Cordial Labeling, Vertices, edges, total edge
product.

I. INTRODUCTION

Graphs are discrete structure which constitutes of vertices
and edges that connect these vertices. The graph models can be
used to represent almost every problem involving discrete
arrangement of objects. They are not concerned with their
internal properties but with their inter-relationship. By a graph
theory, we mean a finite undirected graph without loops or
multiple edges. Vaidya and Barasara [1] introduced the edge
analogue of product cordial labeling and named it as edge
product cordial labeling. Aisha explicits the 3-total edge
product cordial labeling of rhombic grid [2].In this paper, we
analysis the edge product and total edge product cordial
labeling of diamond grid

Definition: 1.1

The assignment of integers to the vertices or edges, or both,
which was subjected to certain condition(s) is called graph
labeling. If the domain of mapping is the set of vertices
(or edges) then the labeling is called a vertex(or an edge)
labeling [3].

Definition: 1.2

A graph G = (V,E) with g edges to be graceful, if there is an
injection ¢ from the vertices V(G) is denoted by the set
{0,1,2,,....q} such that the induced function ¢* is denoted by
the set {1,2,3,4.......q}, then 9 *(e = xy)=| ¢ (X) - ¢ (y) | for
each edge e = xy is a bijection and ‘¢’ is called graceful
labelling of G.

Definition: 1.3

A graph G = (V, E) with g edges is said to be harmonious, if
there is an injection ¢ from the vertices V(G) is denoted by the
module g such that the induced function ¢ * is denoted by the
set{1,2,3,4.......q}, then ¢ *(e =xy) =| p(X) + ¢(y) | for each

edge e = xy is a bijection and the resulting edge ¢ is said to be
harmonious labeling of G.

Definition: 1.4

For a graph G, an edge labeling function ¢: V(G) is denoted by
the set{0,1} which induces by the vertex labeling function ¢ ":
E(G) denotes {0,1} defined as ¢ "(xy) = | o (X)— o ().

Let us consider the number of vertices of G labeled with i
under ¢ be v, (i) and the number of edges G labeled under
¢" bee, (i) for i=0,1. This function ¢ is said to be cordial
labeling of G.

Since |e, (0) —e,(1) |<1and |v,(0)~Vv,(1) | <1. A graph
is said to be cordial labeling.

Definition: 1.5

For a graph G, an edge labeling function ¢*: E(G) — {0,1}
induces a vertex labeling function ¢: V(G)— {0,1} defined
as p(v)= L{ " (xy)/xy € E(G)}. The function ¢ ™ is called E -
cordial labeling of G if |e, (0) — e,(1)| < 1 and |v,(0) - v,
(1) | 1. A graph is called E — cordial if it admits E —cordial
labeling.

Definition: 1.6

For a graph G, an edge labeling function ¢ *: E(G) — {0,1}
induces a vertex labeling function ¢: V(G) — {0,1}defined as
o) = [1{e "(xy)/ xy € E(G) }. The function ¢~ is called edge
product cordial labeling of G if| e, (0) — e, (1)|< 1 and |v,
(0) — v, (1)| < 1. A graph is called edge product cordial if it
admits edge product cordial labeling.

Definition: 1.7

For a graph G, a vertex labeling function ¢: V(G) — {0,1}
induces an edge labeling function ¢ *: E(G) — {0,1}defined as
@ “(xy) = ¢(X) (y). The function ¢ is called total product
cordial labeling of G if | (v, (0) + €,(0)) — (v,(1) +&, (1)) | <
1. Agraph is called total product cordial if it admits total
product cordial labeling.

Definition: 1.8
For a graph G, an edge labeling function ¢ *: E(G) — {0,1}
induces a vertex labeling function ¢ :V(G) — {0,1} defined as
o) =T[{ ¢ " (xy)/xy € E(G)}. The function ¢ " iscalled a
total edge product cordial labeling of G,

if | (v,(0) + €, (0)) - (vy(1) + e(1) | < 1.
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A graph is said to be total edge product cordial if it admits
total edge product cordial labeling.

Definition: 1.9
Let us consider C,® denote the one —point union of t cycles
of length m.

Definition: 1.10

The diamond wheel Wy, is defined to be the join Cn+ Ki. The
vertex corresponding to K; is known as apex vertex, the
vertices corresponding to cycle are known as rim vertices.

Definition: 1.11

Let e=xy be an edge of graph G and w is not a vertex
of G. The edge e is subdivided when it is replaced by the
edgese’ =xwand e’ = wx.

Definition: 1.12
The gear graph Gp is obtained from the wheel Wy, by
subdividing each of its rim edge.

Definition: 1.13

The fan g is the graph obtained by taking n—2 concurrent
chords in cycle Cn+1. The vertex at which all the chords
are concurrent is called the apex vertex. Itis also given by
¢Pm = Pn+ K.

Definition: 1.14
The double fan Dgr, is defined as Pp+ 2K.

Il. MATHEMATICAL FORMULATION

Theorem: 2.1
Every edge product cordial graph of either even order or even
size admit total edge product cordial labeling.

Proof:
Let G be an edge product cordial graph with the order p and size
g. In order to prove, three cases are possible.

Case 1: When p is odd and g is even.

Since G is edge product cordial graph,
e,(0) =ey(1) =7 and | V,(0) - vy(1) | =1.
Therefore, | (V,(0)+€,(0))— (V4(1) — &,(1)) | = 1.

Case 2: When p is even and ¢ is odd.
Since G is edge product cordial graph,

Vp(0) =Vy(1) = £ and [e,(0) - e,(1) | =1.
Therefore, | (v,(0)+€,(0)) — (V,(1) — &,(1)) | =1.

Case 3: When p is even and g is even.
Since G is an edge product cordial graph,

vo(0) = v, (1) = S and
e,(0) = ey(1) = 3.
Therefore, | (v,(0)+€,(0)) — (V,(1) —&,(1)) | =0.

Thus in either case G satisfies the condition for total edge
product cordial. (i.e) G shows the total edge product cordial
labeling.

Theorem: 2.2
The diamond grid graph with degree sequences (1,1), (2,2,2,2)
or (3,2,2,1) are not total edge product cordial graphs.

Proof:

For the graph with degree sequence (1, 1) has only one edge and
two vertices. If we label the edge with 1 or O then both the
vertices will give the same label.

As a consequence, | (vy(0) + €,(0)) — (vy(1) —e,(1)) | = 3.

For the graph with degree sequence (2,2,2,2) or (3,2,2,1)
has four edges and four vertices. If we assign label 0 to
any edge then two end vertices will receive label 0 then
v,(0) + e,(0) = 3. If we assign label 0 to two incident edges
then three vertices will receive label 0 (including a common
vertex and two remaining vertices) then v,(0) + e,(0) = 4.
Suppose we assign label 0 to two non - incident edges then
four end vertices will receive label 0. then v,(0) + e,(0) = 6.
Then in every situations | (v,(0) + €,(0)) — (V,(1) +&,(1)) | > 2.
Hence, the graph with degree sequences (1,1), (2,2,2,2) or
(3,2,2,1) are not total edge product cordial graphs.

Theorem: 2.3
The diamond cycle Dy, is atotal edge product cordial graph
except for m #4.

Proof:
Let V1,V2,Va,Va, woeeeeeeeiennae vm be the vertices of cycle Dp.
The following two cases.

Case 1: When m is odd.

o (Vi Viz1) =0; I1<i< l?J
o (Vi Vis1) = 1; [?] <i<m-1
@ (Vavm) = 1.
Case 2: Whenm is even and m#+4.
@ (Vi Vie1) = 0; 1<i<?
o (Vi Vie1) = 1; i= mT_Z
o (Vi Vi+1) = 0; i :%
o (Vi Vie1) = 1; ?+1§i§m—l
@ (V1 Vm) = 1.

In both the cases we have vi(0) + e{(0) = m and

Vo(1) + e,(1)= M. So, | (v,(0) + €,(0)) — (vy(1) — &,(1)) | < 1.
Hence, the diamond cycle Dy, is a total edge product cordial
graph except for m#4.

Theorem: 2.4
The graph Dn® be the total edge product cordial graph.
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Proof:

Let Vk1 Vk2 oo Vkm1 be the vertices of k™ copy of the
cycle Dy and v be the common vertex of D,®. The vertices
vK, 1 and vim1 of k™ copy of cycle Dy, are adjacent to v.

| V(Dn®) |=t(m-1)+1and |E(Dn®) | =tm.

Case 1: When t is even.
Here D is of even size and it is edge product cordial graph.

Case 2: When t and m both are odd
P(VijVij+1) =0; 1<i< % and 1<j<m-2
@(Wim-1) = 0;

1<i<i?
@(Wim-1) = 0; 1<i<

p(VijVvij+1) = 1; % <i<t-land 1<j<m-2
pwi) =1,  =<ist-l
2
(D(VVi,n-l) =1; t+1 <i<t-1
: -3
p(Viivii+) =0;  1<i< mT
o(Wi1) = 0;
o(Veivei+r) = 1, T_l <i<m-2
p(Wem1) =1.

Case 3: When t is odd and m is even.
o(VijVij+1) =0; 1<i S% J<j<m-2

p(Wi1) = 0; 1<is=2

p(Wim1) =0;  1<i< ?
p(Vigvij+1) = 0; % <i<t-1,1<j<m-2
p(Wim1) =1, i= ?
p(Vijvij+1) =0; Q= t:—l,l <j< T_Z
p(wis) = 0; i= %
p(Vijvije) =1, 0= % Z<jsm-2
o(Wim1) =1, i= %
p(wii) = 1, ? <i<t
p(Vijvij+1) = 1 ? <i<t I<jsm-2
P(Wim1) = 1; i<t

In case 2 and case 3 we have v,(0) + ¢,(0) = szz‘“l and

Vo(1) + e(1) = 22221 Therefore | (v,(0) + €,(0)) — (vo(1) +

e,(1) | <1. Hence, the graph D is a total edge product cordial
graph.

Example:

Fig. 1. Diamond wheel graph

The diamond wheel graph D4 and its total edge product
cordial labeling.

Theorem: 2.6
The diamond shape Dy, is a total edge product cordial graph.

Proof:

Let Vi,V2,V3,ecereeneeee. ,Vm be the rim vertices and v be an apex
vertex of wheel Dy,. To define ¢ E(Dn) denotes the set{0,1} we
will consider following two cases.

Case 1: When m is even.

@ (vaiaVai) = 0; 1<i< ?

@ (vivn) = 1;

@ (vaivair1) = 1 1<i< T_z

@ (wi) = 1; 1<i<m
We have

v,(0) + &,(0) = 37’" and v,(1)+ e,(1) = 37’”+1.

Case 2: When mis odd.

@(vaiaVai) = 0; I<i< -5
@(viVm) = 0;

P(vaiVair1) = 1; I<i< mT_l
o) =1; I<i<m.

We have v,(0)+e,(0) = 3";“ and

e(1)+e,(1) = 225

For both the cases, we have
| (vo(0)+e,(0) ) - (v (1)+e, (1)) | < 1.

Hence, the diamond grid Dy, is a total edge product cordial
graph.

I11. CONCLUSION

Labeling of discrete structure is a potential area of research. We
have discussed the total edge product cordial labeling for
diamond related graph and derive several results on it. Further
to investigate the results for various graphs as well as in the
context of different graph labeling problems is an open area of
research.
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