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Abstract: In Quantitative structure-activity relationship
(QSAR) and Qualitative structure-property relationship (QSPR)
analysis, chemical graph theory plays an indispensable role. The
physico-chemical properties of molecules can be studied by using
the information encoded in their corresponding chemical
(molecular) graphs. Graph-theoretical invariants of graphs are
called topological indices or molecular descriptors. They are
numerical values associated with chemical graphs in path
molecular graphs. A graph invariant is any function on a graph
that does not depends on labeling of its vertices. A large number
of different invariants, have been employed with various degrees
of success in QSAR and QSPR. Here we introduce a new
topological indices of a graph ¢ named as harmonic mean
topological indices denoted by H,; (G) and determine its values for
some standard graphs, some special graphs and their line graphs.
In addition, harmonic mean indices of certain graph operations
and some bounds for them are obtained.

Keywords: Topological indices, Harmonic mean indices, Line
graphs, Graph operations.

1. Introduction

A graph G = (V,E) is an ordered pair where V is a non
empty set and E is a set of unordered pairs of elements of V.
Elements of V are called the vertices and the set is known as a
vertex set of G denoted by V(G). Similarly, elements of E are
called edges of G and the set is called as edge set of G denoted
by E(G). The cardinality of V(G) is called the order of G and
that of E(G) is called the size of the graph. The degree of a
vertex v € V(G)is denoted by d (v) or simply d(v). [12] The
degree d;(e) of an edge e = uv of G is given by d;(e) =
dg(u) + dg(v) — 2. All graphs under our consideration are
finite, simple and undirected.

The topological indices play a vital role in chemical
documentation, isomer discrimination, relationship analysis
like QSAR and QSPR.

In 1947, Weiner used his [13] topological index named
Weiner index to calculate the boiling point of paraffins. Then
in 1972 Gutman and Trinajstic defined the Zagreb indices [6],
[18] which are popular. There after many indices are defined
named Randic index [4], ABC indices [18], RDD indices [12],
Hyper Zagreb indices [10], forgotten topological indices [12],
geometric-arithmetic index [11], harmonic indices [16], Kulli-
Basava indices [4], connectivity index etc. Here we introduce a

new parameter known as harmonic mean index denoted by

Hy,; (G) and defined as Hy; (G) = ZWEE((;)% where du

and dv represent the degrees of the vertices with which the edge
uv of the graph G incident with.

2. Harmonic mean indices of some family of graphs

In this section we obtain an explicit formula for harmonic
mean indices of some family of graphs namely
By, Coy Ky Koy Way Sy G, fr- [5], [3] @nd their line graphs and
some relations connecting them. The line graph of a graph G
denoted as L(G) and is obtained from G by considering the
edges of G as vertices of L(G) and two vertices are adjacent in
L(G) if the corresponding edges are adjacent in G.

Definition 2.1. The harmonic mean indices of a nontrivial

graph G denoted by Hy,(G)is defined as Hy,(G) =
ZHUEE(G)% where du,dv represent the degrees of the
vertices of the edge uv
Theorem 2.2.  For the path graph B,, the harmonic mean
index is given by
1 forn=2
@ Hulh) = {§+ 2(n—3) forn=3

forn=3
(b) HMl(L(P")) = {§+ 2(n—4) forn=4
3

Proof. (@) P, n=3 has n—3 edges with end vertex
degrees 2 each and two edges with end vertex degrees 1 and 2.

Then
2du.dv 2X2X1

2X2X2
Hui(B) = Xwwer () gy = 301 X271 53

(n—-3)
8
= § +2(n—-3)
Also for n = 2, there is only one edge and two pendant
vertices, gives
Hy;(B) =1 forn=2
(b) The line graph of B, that is L(B,) is nothing but
P,_, and hence the result for Hy, (L(B,)) follows
from(a). mi
Corollory 2.3. Hy,; (L(B,)) = Hy;(B,) — 2 forn = 4
Theorem 2.4. For a complete graph K,,, the harmonic mean
index is given by
_ n(n-1)?

(@ Hy(Ky) 5

(b) Hy(L(Kyp) = n(n—1)(n - 2)?
Proof. (a) K, has (’21) edges and degree of each vertex is n-
1.
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2dg., (w)dg,, (dv)
Hy (Kp) = ZuveE((Pn)M

dg,u+dg,v
_ Z 2(n-1)(n-1)
— &uveE((Pn) n-1+n-1

=n- 1) ZuveE((Pn) 1
= -1()

_ n(n-1)=2

2
(b) The line graph L(K,) has (}) vertices and 2(n — 2)
regular so that there are (})(n—2) edges. Then,

Hy (L(Ky)) =
5 241 WdL(kn) V)
UveE (Kn) ALk UtAL(K) W)
-y 22(n-2)2(n-2)
T AweE(Kn) y(n-2)+2(n-2)
=2(n — 2) Yuver,y 1
—2(n—2) nn-1)n-2)

2
=n(n-1)n-2)>2
Observation 2.5. Hy; (L(K,)) = 2nHy; (Ku—1)
Theorem 2.6.For a complete bipartite graph K, ,, and for its
line graph the harmonic mean index are given by

2(mn)?
(a) HMI(Km,n) = m—n)

m+n 2
0)  Hy (LK) = 22
Proof. (a) Each edge of K, , has end vertices of degree m

and n and there are mn such edges.
HMI (Km,n) =

2 de,n (u) de'n (av)

ZquE(Km_n) Ak e+ Ak n?

_ Z 2mn
— LuveE((Kmn) n+m

2mn
nem ZuveE((Km,n) 1

__ 2(mn)?
n+m m+n

(b) L(K, ) has mn vertices each of degree m +n — 2.

Then number of edges of L(K,,,) has degree
mn(m+n-2)

2mn

and then by case (a) the result will be
obtained.
HMI(L(Km,n)) =

2(m+n-2)(m+n-2)

= Z“UEE(L(Km'n)) m+n—2+m+n—2

= (m +n—- 2) ZquE(L(Km,n)) 1
3y mnmen=2)

=(m+n-— 5

_ mn(m+n-2)>
2
Corollory 2.7. For the star S, = K, ,
2n?
Hy (Kin) = Sy and
n(n —1)2
Hy (L(SR)) = Huy(L(Kyp)) = 2

Corollory 2.8. Hy; (L(S)) = Hyy(Sn-1)

Proposition 2.9. Hy; (C,) = Hy (L(CL)) = 2n
Proof. Since C, is 2 regular and has n edges Hy; (C,) = 2n

From the fact that L(C,) is isomorphic to C,,, completes the
proof. o

Theorem 2.10. For the wheel graph W, with n + 1 vertices,
the harmonic mean index is given by

In(n+1)
Hy (Wy) = 2

n+3
Proof. Letv(W,,) = V; U V, and E(W,,) = E; U E, where
V, = {v,|v, isthe centre vertex of W, with degree n}
V, =VW )\ {v.}={v;,i=12,..,n}
And E; = {vev; € EW,), v € Viand v €V,}, |E|=n
E, = {Uivj € EW,); v, v;, € 33 |Ezl=n
For v;v; € E;, dy,(v.) =n and dy, (v;) =3 for i =
1,...,n and for
vv; € B, dy, (v;)) =3 fori=1,..,n.
_ 2dy,, (uw).dw,, (v)
Hence HMI (Wn) - ZquEl dw,, W+dw,, (v) +
2dwy,, (W).dw, (v)
dw,, (W+dw,, (v)

ZquEZ

2.3.n 2.3.3
= ZquEl 3+n + ZquEZ 3+3

6n
= ?H-_nzu"EEl 1+3 ZquEz 1

an?+9n Iin(n+1)
—_— — D

n+3 n+3
Theorem 2.11. For the wheel graph W, with n + 1 vertices,
the harmonic mean index is given by

Hang (L(Wy)) = 222D 4 100080 4 gy
Proof. For the structure L(W;,) we have |V(L(W;,))| = 2n
and  |E(L(W,))| ="
V(LW)) = V,uV, and  E(L(W,)) = E;UE,UE,
where,

Vi = v e VILWY)/dywy(w) =n+1, i =12,..,n},
V, ={v; e V(LIWY)/dpwy(vi) = 4, i=n+1,..2n},
E; = {evivj € E(L(W,)); v, V), € Vl}
E, = {evivj € E(L(W,)); v, vj, € VZ}
E; = {evivj € E(L(W,); v; € Vlrvj €V}
so that |Ey| = "2 |E,| = n, |Es| = 2n , then

2dpwp)W.drw,, @)
Hy (L(W)) = ZuveEl = o

AWy W+dLwy) (V)

ZdL(Wn)(u)-dL(Wn)(V)
+ZuveE2 ALy
n

W+dyw,) @)
4y 2d1, W) (W)-ALwpy (V)
uveks ALW ) W+ALwy) (V)
2(n+1)(n+1) 2.4.4
2(n+1) + Zuver, 4+4
2(n+1).4
n+5

= ZuveE1

Zuv€E3
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= (n+ DIE| + 4|E,| + 8(n+1) A Theorem 2.13. For the Iin-e graph of -the gear graph G, of

n(n2-1) 16n(n+1) s order 2n+1, the harmonic mean index is given by
=—4+4n+—= n(n+1)(n?+3n+20)
- 2 nts , Hy(L(Gp) = —— —~——+6n
Definition [3]A gear graph G, of order 2n + 1 is a wheel ; H 2(n+4) ; N

graph with a vertex added between each pair of adjacent Proof. Let the vertex and edge set of L(Gy,) be partitioned as

vertices of the outer cycle. ie, it includes an even cycle C,,, and V(L(G)) = V1 U V; and E(L(Gy)) = E; U E;.Then

the vertices of C,,, in G, are of two kinds, say vertices of degree [V(L(GY)| = 3n and |E(L(GY)| = not7m

2 and vertices of degree 3. The vertices of degree 3 are called 2

major vertices and that of 2 are called minor vertices. The
. Vi =wv; €eV(L(G d ;

central vertex of G,, denoted by v, has degree n. Note that it has 1= (L)l L(Gn) )

3n edges. =n+1i=1,.n} and

Theorem 2.12 The harmonic mean index V, ={v; €V(L(G))|duey(wd =3, i=n+1,..3n}.

Moreover,

Hy (G,) = = 18511(513:;4) where G, is the gear graph of Furthermore, the sets E;, E,, E5 are
order 2n + 1. E, = {viv; € E(L(Gy)); vy, vj € V1}
Proof. E, = {vv; € E(L(Gy)); v, vj € V,}
E3 = {vivj € E(L(Gn)), 14 € Vli v]' € Vz}
sothat |E;| = (3),|E,| = 2n,|Es| = 2n, then
_ 2d1,(Gn) (W-AL(Gyy (V)
HMI(L(Gn)) - Zuvelﬁ dL(Gn)(u)"'dL(Gn)(U)
ZdL(Gn)(u)-dL(Gn)(V)
+ ZWEEZ AL(Gyy W+drGy @)
2d1,(Gn) W-AL(Gyy )
+ ZWEE3 AL(Gpy W+dL(Gn) V)
=y 2m+D)(n+1)
- UVEE, 2(n+1)
iti 2.3.3 2(n+1).3
The vertex set of gear graph can be partitioned as follows. ZquEzm + Tuver, 3:l-n+1
V(G) = V,UV,uV, and E(W,) = E, U E, :6(1(1:_11:— 1) Zuue}s‘1 1+ 3ZquE2 1+
where s Zuver; 1
Vi = {volvy €V(G,) and dg, (v.) = n}, _ (n+1)121(n—1) 13204 6(::41).211
Vil =1 ] _ n(n+1)(n?+3n+20) 6
Vo, = {vilv; €V(G,) and dg (v;) = 3,i= - 2(n+4) +on
1,2,..,n}4L Vs =n Definition.[3] A friendship graph f,, is a collection of n
Vs = {vlv; €V(Gy) and dg (v) = 2,i=12,..,n}, triangles with a common vertex. ie, f, = K; + nK,. It can be
V] =n obtained from a wheel W,,, with a single cycle C,,, by deleting
And  E; ={vov; € E(G,), vy € Viand v; €V,}, |E;| = alternate edges of the cycle. Let v, denotes the central vertex ,
n, then d; (v.) = 2n. Note that f, has 2n + 1 vertices and 3n
E, = {v,v; € E(Gy); v;,vj, € V,}, |E;| =2n edges.
For wvvy € E;, dy,(vy) =n and Theorem 2.14. For the friendship graph f,, of order 2n + 1,
dy () =3 fori=1,..,n and for the harmonic mean index is given by
n T 2n(5n+1
viv; € Eydy, (v;) =3 dy, (v) =2, for fori,j= Hy () = n(n+1)
1,..,2n. Proof.
_ 2dg, (w).dg, (v)
Now HMI (Gn) - ZquEl dGn(u)+dcn(v)
) 2dg, (W).dg, (v)
WEEZ g, (w)+dgy, (v)

2.n.3 2.3.2

= —+ =

ZuveEl n+3 ZquEz 3+2
6n

12
- ZuveEl 1+ ?-ZquEz 1

n+3
6n?  24n

T n+3 5
__18n(3n+4)

5(n+3)

Fig. 2. fs
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The edges of f, can be partitioned into two types as
follows
E; = fuv € E(fy)lds, (W) = dr, () = 2}and |Ey| =n
E; ={uwv € E(f)ld;,(w) = 2, dp,(v) = 2n}, |E3| = 2n
Hy; (f)

_ Z den(u).dfn(v) + Z den(u).dfn(v)
T AuveE g (wtdg, (v) WEE2 qp (wy+dg, (v)
2.2.2 2.2.2n

= ZuveEl 242 + ZquEZ 242n
an
=2n+—.2n
1+n
_ 2n(5n+1)
a n+1

Theorem 2.15. For the friendship graph f,, of order 2n + 1,
the harmonic mean index is given by

Hyr(L(f) = 22
Proof. We have |V(L(£))|=3n and |[E(L(f))| =

2n?+n.
The vertex set and edge set of L(f;,) can be partitioned as
follows.
vy ={v; e V(L(F))|dor,y () = 2n,i=12,...,n} and
V, ={vi e V(LUE))|dop (W) =2,i=2n+1,..,3n}.
Furthermore,  E; = {v;v; € E(L(fy)); vi,v; €V;} and
E, ={vyv; € E(L(fp)); v; € V1, v; € V3}
sothat |E;| = (%), |E,l =2n ,
_ 2dp () W-Ar () @)
then Hy; (L(fn)) - ZquEl dL(fn) W+ @)
ZdL(fn)(u).dL(fn)(v)
WEE2 4y WL (p) (@)

2.2n.2n 2.2n.2
- ZquEl n+2n + ZquEz n+2

4an
=2n ZuveEl 1+ n+12quE2 1
2n.2n(2n-1) 4n

= on
2 n+1

2
=2n2Q2n—-1) + 2
n+l
__2n?(2n%+n+3)
- n+1

3. Harmonic mean indices of Cartesian product of some
graphs

Graph operations play a major role because some important
graphs can be obtained by some graph operations. Composition,
Cartesian product, corona product, join, tensor products etc.
give some special types or family of graphs. In this section we
discuss about the harmonic mean indices of some Cartesian
product of graphs like ladder graph, nanotubes.

Definition 3.1 [7],[5],[2] The Cartesian product of two
graphs G, and G, denoted by G; x G, is a graph with vertex set
V(Gyy X V(Gp)and (u;, vj) , (ug, vy) are adjacent in G, X G, if
and only if w, =wu, and vy, €E(G,) or
E(Gy) and v; = v,.

Definition 3.2 [17],[2] The ladder graph L,, is the Cartesian
product of P, and B, thatis P, X P,.

Theorem 3.3 The harmonic mean index of the ladder graph

UiUy €

is given by
52
Hypy (L) = {9n - forn=3
8 forn=2
Proof: .Clearly, for = 2 ,Hy; (P, X P,) =8.
The vertex set V(L,) and edge set E(L,,) can be partitioned
as follows.
V(L) = V,U V,and E(L,) = E, U E, U Ej.
Then |V(L,)| =2n and  |E(L,)| = 3n— 2.
Moreover,
Vi ={v; € V(Lp)ld(Ly)(v;) = 2} and
V, ={v; €lV(Ly)ld,,(v;) =3}.
Furthermore, the sets E;, E,, E5 are
El = {U,:U]‘ € E(Ln), v;, Vj € Vl}!
E, = {v;v; € E(Ly); v;,vj €V}
E; = {v;v; € E(Ly); v; €EVy,v; €V}
Note that |E;|, |E;|, |E5| are 2, 3n — 8, 4 respectively for
nx=3.

HMI(Ln) = ZquEl

+ ZquEZ

2dL, (W).dr, )
dr,(W+d, ()
2d1, W).dr, )
dp,(W+d, @)
2dp, (W.dp, V)

* Luver; dp, (W +dp, (v)
2.2.3

=2 ZuveEl 1+ 3-ZuveE2 1+ TZquEB 1

2.2.3

=22+3@Bn-8)+=-.4
= -20+2=9n-=
Definition 3.4. [1], [4], [12] The C, -nanotube TUC,(m, n)
is the Cartesian product of P, and C, , thatis B, X C,,
Theorem 3.5. The harmonic mean index of the graphB, X
C,, isgiven by
Hy (B, X Cp) = 6m + 487’" +4m2n —1)
Proof. There are mn vertices for B, X C,,. The edge set
E(B, X C,, ) can be partitioned as follows.
Vi ={v; EV(B, X Cm)ldanCm(vi) =3}
Vo = {v; € V(P X C)ldp,xc, (Vi) =4}
E, = {evivj € E(P, X Cp); v;,v; € Vi },|E1| = 2m
E, = {eviv]. € E(B, X Cp); v, vj € Vo3 ,|E;| = 2m
E; = {eviv]. € E(P, X Cp); v; € V4,05 €V},
|Es] = (2n—1)m
Hy (B X Cp) =

2dp xCp, (W-APyxC W)

WEEL qp e W Hdpyxcm @)

+y 2dp % Crp (W-APyxC (V)
UWVEE2 G W+ Ao ()
+y 2dp % Crp (W-APyxCr (V)
UVEES G Con (1) + 0y xCy (V)
24
= 3.|E;| + T |E;| + 4. |Es]
= 3.2m+2—74.2m+4--(2n_ m
48 m

=6m+T+4m(2n—1)
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4. Some upper bounds for the harmonic mean indices
related to graph operations

In this section we discuss the topological index for the graph
operation composition (lexicographic product) and Cartesian
product of two connected graphs.

Definition. 4.1 [8],[16] The eccentricity e; (v) of a vertex v
in a connected graph G is the greatest geodesic distance
between v and any other vertex. The diameter D(G) of G is
defined as d(G) = max{e;(v)|v € V(G)}. Also the radius
rad(G) is defined as the d(G) = min{e; (v)| v € V(G)}.

For the Cartesian product of graphs, we have the results
@) |E(Gy x Go)| = |E(G1|| V(G| + |E(G,]| V(G
(b)  dg,xe,(wv) = dg, (w) +dg,(v)
© V(G x G = V(G V(G

Theorem 4.2 [11] Let G, and G, be two graphs with order
n,and n, and size m;, m, respectively. Then Hy;,; (G, X G;) <
(A1+43)2 (myny+myny)

5146
G, and &, 8, are their respective minimum degrees.
Proof. Suppose V(Gy) = {ug, uz, ..., Uy, },
V(Gy) = {vy, vy, .., vy} be the set of
vertices of G, and G, respectively .
For the Cartesian product G, X G,
|E(Gy X G) = |E(G1]| V(G| + |E(G,]| V(Gy)]
min, + myn,

_ 2dGyxG, (W)-dgyxG, (V)
Hy (G X G3) = Yuver(6yx62) dcliazzu)mcixaj(v)

where A, A, are maximum degrees of G,

5 2dG,xG, (Uiv})-dG, xG, UiVD)
(wiw ) (uiev)EE(G1XG2) g o (uivj)+deyxa, W)
(wpvj)#ugvy)

» 2dG %G, (Ui v))-dG61xG, WD)
(w40 ) (e ) EE (61 %G2) dG1xGo (UiVj)+dGxG, Wi vD)
j#l

+y 2dG %G, (Upv))-d6 1 xG, WD)
(v ) (v DEEG1X62) Qg o (ug)) +dgy ey (il
i#l
=A; + 4,
2[dg, (u) + dGZ(Vj)]- [dg, (we) + dg, ()]
dcl(ui) +dg, (”j) + dcl(uk) +dg, (Vl)

A, =
(wiv)) (uev)€E(G1%G2)
Jj#l
Since,
A; = dg,(u)for i=1,..,nand §; < dg,(w) for i=

1,..,n.

. 2(A1+42)(A1+47)
ie, Ay < Yuevy) ZvjleE(Gz) B SN
_(A1+A5)?
T 5,146, mahy
(Ag+4;)?

Similarly A4, <

Hy(Gy X Gp) = A+ A,
< (A1 +43)2(myny+mang)
- 51+6,
Remark. Equality holds in the case of product of cycles
since, Hy;(C,, X C,) = 8mn and
(A+82)%(mynp+mang)  (2+42)%(mn+nm)
5146, - 2+2 -

8mn

5. Conclusion

In this paper, we defined the harmonic mean topological
indices along with some literature in the introductory section,
and obtain the values for some standard graphs and their line
graphs and results connecting them in the second section. In the
third section certain topological indices of some family of
Cartesian products including nanotube TUC,(m,n) are
evaluated. The last section deals with some upper and lower
bound values for the harmonic mean indices.
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