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Abstract: Zadeh [Zadeh, 1965] introduced the concepts of fuzzy
sets in 1965, and within the next decade, Kramosil and Michalek
[Kramosil & Michalek,1975] introduced the concept of fuzzy
mathematical space with the assistance of continuous norms in
1975 which opened an avenue for further development of study in
such spaces which have vital applications in Quan. physics
particularly together with both string and epsilon (e®) theory
which got and studied by El Naschie [El Naschie, 1998]. George
and Veeramani [George &Veeramani,1994,1997] modified the
concept of fuzzy mathematical space introduced by Kramosil and
Michalek also with the assistance of continuous norms. Recently,
Chouhan and Badshah (2010) established a fixed point theorem in
fuzzy metric spaces for W C Maps. The result obtained within the
fuzzy mathematical space by using the notion of noncompatible
maps or the property (E.A.) is very interesting.

In this paper, I'll define in several ways the fuzzy mathematical
space by given definitions about the fuzzy families, the fuzzy
number, the symbolic logic, the fuzzy space, and other concepts
supported that each real ‘r’ is replaced by fuzzy number (either
triangular fuzzy number or singleton fuzzy set).
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1. Introduction

A. Important concepts about fuzzy set
Definition 1.01. [Zadeh, 1965]

It X is a collection of objects denoted generically by X then

a fuzzy set A in X is a set of order pairs:

A=:1y,A(y) [yeY

A(X)is called the membership function or grade of
membership X in A that maps X to the unit interval [O, l].

Definition 1.02. [Zadeh, 1965]

The standard intersection of fuzzy sets K and B is defined as,

(Em‘AJ(x)=min{§(x),Z\(x)}
=B(x)AA(X)
Forall Xe X .

Definition 1.03. [Zadeh, 1965]
The standard union of fuzzy sets A and B is defined as,

(I\U EJ(X) _ max {A(x),@(x)}

= A(x)v B(x)
forall Xe X .

Definition 1.04. [Zadeh, 1965]
The standard complement of a fuzzy set A is defined

as (~A)(v)=1-A).

Definition 1.05. [Zadeh, 1965]
Let A be a fuzzy set of X , the support of A , denoted
S (A)is the crisp set of X whose elements all have non zero

membership grades in A , that is,

s(z\):{mx:x(x)m}

Definition 1.06. [Zadeh, 1965]
(& -cut) An @ - level set of a fuzzy set A of X is anon-fuzzy

(crisp) set denoted by A[Ot ] such that,
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{XEX :E(X)Za}, ifa>0

=0

Where cl (S (R)) denotes closure of the support of A

B[a]=
L ifa=0

Result 1.07. [Chandra & Bector, 2005]
Let A be a fuzzy set in X with the membership function

K(y) Letz\[ﬂ] be the & -cuts off A and Zi[ﬂ](Y) be

the characteristic function of the crisp set ﬂ[ﬂ]for alla e [0,1]
Then,

A(Yy)= su , X
(y) ﬂe[opl](ﬂ/\l_/\[ﬂ](y)j Y€

Given a fuzzy set A in X, one consider a special fuzzy set

denoted aﬂ[a] for ae[O,l]Whose membership function is
defined as,

Aca (1Y) =(ﬁAz_A[ﬂ] (y)j ,yeX

and the set

A ={a:ﬂ(x)=a, X e X}

is called the level set of A . Then the above theorem states that

the fuzzy set K can be expressed in the form

U

) [aAlal)

Where |J denotes the standard fuzzy union. This result is
called the resolution principle of fuzzy sets. The essence of the

A=

resolution principle is that a fuzzy set A can be decomposed

into fuzzy sets az\[a] QL€ [O, 1]. Looking from a different

angle, it tells that a fuzzy set A in X can be retrieved as a

union of its aﬂ[a] sets ae[O, 1]. This is called the

representation theorem of fuzzy sets. Thus the resolution
principle and the representation theorem are the two sides of the

same coin as both of them essentially tell a fuzzy set A in X

can always be expressed in terms of its & -cuts without

explicitly resorting to its membership function ﬂ(x).

Definition 1.08. [Chandra &Bector, 2005]
A fuzzy set A of a classical set X is called normal if there

exists an X € X such thatz\(x):l. Otherwise Z\ is
subnormal.

Definition 1.09. [Zadeh, 1965]

A fuzzy setz of X is called convex, it K[a] is a convex
subset of X | for all
ae [0,1]. Thatis, forany X, Yy € A[a] ,and forany A [0,1]

then Ax+(1—-A)y € Aler].

Definition 1.10. [Bushera, 2006]
A fuzzy set A that S (A)contains asingle point X € X , with

K(X) =1, is referred to as a singleton fuzzy set.

Definition 1.11. [Bushera, 2006]
The empty fuzzy set of X is defined as

® ={(x,0): vxe X}
Definition 1.12. [Bushera, 2006]
The largest fuzzy set in X is defined as
I, ={(x1): Vxe X}
Definition 1.13. [Bushera, 2006]

The concept of continuity is the same as in other functions,
that say, a function f is continuous at some number c if

lim f(x)=f(c)

for all X in range of f, that require existing f(C) and
lim f (X) . In fuzzy set theory, the condition will be

X—C

limA(x) =Ac)

with Xand C € A,



Volume-3, Issue-1, January-2020

International Journal of Research in Engineering, Science and Management 203

IJRESM  www.ijresm.com | ISSN (Online): 2581-5792

Definition 1.14. [Zadeh, 1965]
A fuzzy set Ais said to be a bounded fuzzy set, if ita -

cuts ﬂ[a] are (crisp) bounded sets, for all ¢ [0,1] .

Definition 1.15. [Zadeh, 1965]

A fuzzy number A is a fuzzy set of the real line with a
normal,(fuzzy) convex, and continuous membership function of
bounded support.

e.g. 1.16 [Zadeh, 1965]
The following fuzzy set is fuzzy number approximately

"5'={(3,0.2),(4,0.6),(51.0),(6,0.7),(7,0.1)}.

Remark 1.17

Let A be a fuzzy number, then ﬂ[a] is a closed, convex,
and compact subset of R, forall o e [O, 1].

Remark 1.18
We shall use the notation§[§]=[ai(5),az (5)]
where B[S] is an @ -cut off the fuzzy number A , and

a,:[01] >R a (a)=minB[s]

function

, is left-hand side

which monotone, increasing and continuous

a,:[01] > R.a, () =maxB[5] is right-hand side
function which monotone decreasing and continuous.

Proposition 1.19
If 5< B, then A[5] > A[A].

Proposition 1.20
The support of a fuzzy number is an open interval

(2,(0).2,(0)) .

Definition 1.21. [Zimmerman, 1995]

Let Abe a fuzzy number. If s(ﬁj = {x}thenﬂ is called a
fuzzy point and we use the notionK: X. Letﬂ = Xbea fuzzy
point, it is easy to

see that Alar]=[x,x|= {x}, Yo €[01].

Definition 1.22. [Buckley, Eslami, 2005]

A fuzzy number A is called a triangular fuzzy number, where
Ais defined by three numbers @; < a, < a if:

i) K(X):l AtX=2a,, (A is normal)

ii) The graph of Y= A(X') on [a,,a,] is straight line from
(a,,0)t0(a,,1), also on[a, ,a,] the graph of ¥ = A(X) is
straight line from (a2 ,1) to (a3,0).

iii) A(x)=0ForX'<a or X>a,.

We write A= (31 18y, 83) for triangular fuzzy number and
itsa -cut

Alal=l(@,-a)a+a,(a, -8 )a +a]
for all ae[O,l].

2. Arithmetic operations on fuzzy numbers

We will define the arithmetic operations on fuzzy numbers
based on the resolution principle (& -cuts).

Definition 2.01. [George, 1995]
Let Z\ and E be two fuzzy numbers and
Alel=[a(@).a,(a)] . Bla]=[b(a).b,(«)]

bea-cuts,ae[O,l] of AandB respectively. Then the
operation (* denoted any of the arithmetic operations

(+), (—), (), (—) A ,V) on fuzzy numbers K and E denoted
by A+B gives a fuzzy number in R, where
AxB ua(ﬂ* Ej[a]

And

(A8 o]~ Ala]+Ble] <o
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Here it may be remarked that the reason for AxBto be a

fuzzy number, and not just a general fuzzy set, is that A and

Al

B being fuzzy numbers, the sets ,

E[O(],(K*E}[Ol] , are all closed intervals for all
ae [0,1] .

In particular
Ala)+)Bla]=[a,(@)+bi(a) a,(a)+b,(a)]
Ala)-)Bla]=[a,(@)-b,(«) a,(@)-bi(@)]

Furthermore, for fuzzy numbers Aand B in R+

3. The fuzzy expansion families
Definition 3.1. [2008]
The set of natural numbersis N = {1,2,3,...}.

The set of integer numbers is
Z=1{.-3-2-1,0123,..}.

The set of rational numbers is
Q= ab:a,beZ,b;tO}.

In other expressions, every terminating or recurring decimal
is a rational number.

That is, every non terminating and non-recurring decimal is
an irrational number. The set of all irrational numbers is
denoted by Q'. The setR = QU Q' is called the set of real
numbers.

Remember that: If we substitute every real number r € R by

a fuzzy number T , such that:
If reZ, wereplace r by a singleton fuzzy set I . The set
of all fuzzy numberst ,r € Z , will be called the family of

fuzzy numbers and denoted byZ, where

integer

Z= {...,—é,—i,(_J,l,Z,...}. The family of all fuzzy natural

numbers willbe N = {1, 2,3,...}.
Because dense of rational and irrational numbers, we
replace every rational

r and irrational numbers I’ by a triangular fuzzy number
T = (rl, r,, r3) , it -cut's F[a] = [rl(a), r, (a)], ae [0,1]

candr = (r, 1, 1)), ita -cuts 1 [a] =[r(a) r)(«)],
ace [O,l] respectively.

The set of all fuzzy numbers F, r € Qand the set of all fuzzy

!

numbersr 1’ € Q' will be called the family of fuzzy rational
numbers and the family of fuzzy irrational numbers which

denoted by(s and (3 respectively.

!

The setR=Q UQ U Z will be called the family of fuzzy
real numbers.

Remark 3.2
The fuzzy numbers mean here either triangular fuzzy number
or singleton fuzzy set.

Definition 3.3
From definition1, we can define the following,

i) Z=0 the family of all non- fuzzy zero fuzzy integer numbers.
That is, for all I e Z=0,then r0.

ii) Z=_the family of all negative fuzzy integer numbers. That
is,foraIIFe ?,then r<0.

iii) (To the family of all non- fuzzy zero fuzzy rational
numbers. That is, for all I Q=O . then I #0.

iii) Q=+the family of all positive fuzzy rational numbers. That
is, for all Fe Q=+,then F>(_)

iv) ? the family of all negative fuzzy rational numbers. That

is,foraIIFe a,then F<6

V) R=+the family of all positive fuzzy real numbers. That is, for
all FER_+,then r>0.

vi) R_the family of all negative fuzzy real numbers. That is,

foraIIFe E , thenl_’<6.
Vi i) N . the family of all fuzzy natural numbers which are less

or equal to K, where Kis a positive fuzzy integer. Thus

N, ={.2,..k}.
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Definition 3.4. Sharma, 1977]

The sets of the forms,

{xeR:a<x<b},{xeR:a<x<b},
{xeR:a<x<b} {xeR:a<x<b}

are called open interval, closed interval, right half-open interval
and left half-open interval, and denoted by,

(a, b), [a, b], (a, b], [a, b) respectively. The sets of the forms
{xeR:x>a},{xeR:x<a},{xeR:x>a},{xeR:x<a]

by(a, oo), (— o0, a),
[a, oo), (— 0, a] respectively. The first and second rays are

said to be open rays, and the end two rays are called the closed
rays.

are called rays and denoted

Remember that:

Suppose we haveﬁthe family of fuzzy real numbers. The
families of the forms

| xeR:a<x<b|, | xeR:a<x<b|,

| xeR:a<x<b| [ xeR:a<x<b|
will be called open fuzzy interval, closed fuzzy interval, right
half-open fuzzy interval and left half-open fuzzy interval, and
will be denoted by (a, b), [a, b], (a, b], [a, b)respectively, if
the sets at degree o ,
Ix, eR:a, <x <b,|{x eR:a, <x <b,|{x eR:a, <x <b,},
{Xa eR:a, <x, < ba}are open interval, closed interval, right

half-open interval and left half-open interval respectively, for
allx e [0,1].

The families of the forms {;( € E X > 5}
KeR:x<ajkeR:x>a) ke R:x<al will be
called the fuzzy rays, if the sets at degree « , {Xa eR:x, > aa},
{x, eR:x, <a,},

{Xa eR:x, 2aa},{xa eR:x, Saa} are rays, for all
a €[0,1]. The first two families will be called open fuzzy rays

and denoted by (5, o_o) (— o_o, 5.) respectively. The last two
families are called closed fuzzy rays and will be denoted by

[5, ;), (— ;, 5] respectively.

Definition 3.5. [Bhattacharya et al.,1989]

A set S is a collection of objects (or elements). It S is a set
and X is an element of the set S , we say that x belongs to S ,
and we write X € S. If x j; doesn't belong to S, we on the
uncertainty of Cantorian geometry and two-slit experiment.
WriteX ¢ S.

Remark: Since the real numbers is essential to every set S , and
the elements x of S is one form of real numbers. Hence, if we

have the family of fuzzy real numbers R , the fuzzy number x

will become one form of fuzzy real numbers andg will be a
family of fuzzy numbers X.

4. The fuzzy metric and the fuzzy pseudo metric

Definition 4.1. [Thomas, 2000]
The distance between two points P(x,, y, JandQ(x,, y,) is

d(P(x,,y,),Q(x,, yz))z\/(AX)z +(ayy =\/(X2 %) +(y, - %)

Definition 6.2. [Thomas, 2000]
The absolute value of a number X , denoted by|x| is defined

by the formula,
x>0

X
X =
-X , x<0
Note that: If we have the family of fuzzy real numbersﬁ , and

XeR. Let X, e)_<[a] off X, then the absolute value of X, a
degree o will be defined by,

And |Xa |a € ‘)_(_“:06] o -cut ofm.

Hence, the absolute fuzzy value of X is

X:{X . x>0

-x , x<0

Definition 4.3 [Royden, 1966]
Let X be any set, a function d :Y xY — Ris said to be a
metric on X if:
1) d(x,y)=0 ,forall x,yeX.
2) d(x,y)=0iffx=y.

3) d(x,y)=d(y,x) ,forall x,yeX.
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4) d(x,y)<d(x,z)+d(z,y) forall x,y,ze X .

A set X with a metricd is said to be a metric space and
maybe denoted (X, d).
Remember that: If we have a famlly of fuzzy numbers X A
fuzzy function d X X X —> R will be called a fuzzy metric
on X if satisfy:

dly, x _) forall X,ye X .

a(;(, y)sa(;( )+ d(z,y), forall X,y Z€ X .
A family of fuzzy numbers X with a fuzzy metric d will be
called a fuzzy metric space and will be denoted ( X,d )

5. Conclusion

In this paper I am willing to summarize the fuzzy
mathematical space about the fuzzy families, the fuzzy number,
the symbolic logic, the fuzzy space, and other concepts
supported that each real expression fuzzy number related to
respective topic. This paper will help the researchers to look the
field of Applicability of Fuzzy Set Theory at a glance.
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