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Abstract: The deconvolution of variable rate and variable
pressure data in well test analysis into, variable rate at constant
pressure or variable pressure at constant rate is quite easily
achieved in the Laplace domain operations. Issues involved with
other spline-based methods are that: the piecewise linear function
is discontinuous over its first derivative and as such will require
many knots for better approximation of nonlinear trends, and the
cubic spline has a higher tendency to oscillate around
discontinuities. The major problems associated with the existing
solution models of the parabolic diffusivity equation is the
negligence of fluid density and possible inertia effects, and of
course the inherent assumption of infinite speed of pressure
propagation in the base transport equation, which implies
inaccurate early times description. The first part of this work
involves the analysis of variable rate and variable pressure data by
the Laplace domain deconvolution process using the second order
spline. The second order spline, when used with other functions
can accurately transform sampled data into Laplace domain,
other approaches found in the literature are used with the spline
methods to handle discontinuities and noise in data, which make
the method an algorithm that accurately transforms sampled data
into Laplace domain. Secondly, is the extension of the convenience
of the Laplace domain operations to solving the dimensionless
radial flow hyperbolic diffusivity equation for infinite-acting
systems. The hyperbolic diffusivity equation is a telegrapher’s
model representing the reservoir fluid dynamics. Fluid inertia was
taken into consideration in the base transport equation leading to
the development of the hyperbolic diffusivity equation, thus, there
is no assumption of infinite propagation speed of pressure
disturbance. The Heaviside expansion method was further used to
approximate the transformed variables before they are inverted
back to time domain. Results were presented in figures to validate
the proposed solution to the hyperbolic diffusivity equation and to
compare with the solution offered to the parabolic diffusivity
equation for various values of dimensionless (dummy) variable.
The proposed solution to the hyperbolic flow equation captures the
early time behaviour better, hence, better represents the reservoir
system.

Keywords: Boundary Value Problem (IBVP), Initial conditions,
Inner boundary conditions, Parabolic and Elliptic diffusivity
equations, Volterra Integral Equation of the first kind.

1. Introduction

The deconvolution of variable rate and variable pressure data
in Petroleum engineering, into variable pressure at constant rate
or variable rate at constant pressure based on the Duhamel’s
principle (the convolution integral for pressure and rate
functions) requires the transformation of time dependent
variables into Laplace domain, basically accomplished using
the piecewise linear interpolation algorithm by fitting straight
lines through successive knots, which has been found to be
approximate for nonlinear trends in sampled data. The Laplace
domain deconvolution method can be greatly extended in
application if real time functions, which are only known as a
table of the functions f(t) versus time (t) values, can be
converted to Laplace space forms. The process of numerical
Laplace transformation is relatively straight forward when the
function f(t) is well behaved (Roumboutsos and Stewart, 1988).
The piecewise linear approximation was introduced by
Roumboutsos and Stewart in their work on direct deconvolution
and convolution algorithm for well test analysis, to take Laplace
transform of the data functions directly, on careful selection of
the knots. Issues of oscillations due to noise in measured data
are usually encountered and instabilities in numerical inversion
processes because of discontinuities usually accompany the
spline-based deconvolution methods. It is therefore required to
have an adequate algorithm to transform the piecewise-
continuous sampled data into the Laplace space and an
appropriate numerical Laplace inversion algorithm capable of
processing the exponential contributions caused by the
tabulated data to exploit the potential of Laplace domain
operations (Mahmood, 2012). To smoothen the deconvolved
pressure response, an adaptive approach using a Gaussian and
Epanechnikov kernel regression had been proposed. Also, the
boundary mirroring approach was introduced by Mahmood to
eliminate the effect of instabilities caused by discontinuities.

Most importantly, in this work, is the application of the
famous Laplace integral transformation method to solving the
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initial and boundary value problem (IBVP) presented by the
hyperbolic diffusivity equation. The amount of literature
regarding the use of the parabolic diffusivity equation in
modelling fluid flow through porous media is surplus
(Blasingame, 1997), but also, a good number of literatures such
as that of Baumeister (1969) are of the idea that the resulting
model governing the flow of fluid through porous media is the
hyperbolic diffusivity equation. The transport equation that was
used to derive the parabolic diffusivity equation is the Darcy’s
law, which omits the possibility of the effect of inertia of the
fluid. The problem (hyperbolic diffusivity equation) treated
here was formulated based on the usual material balance
(continuity) equation and the equation of state for slightly
compressible liquid underlying the development of the
parabolic diffusivity equation, but the transport equation was
modified by including the effect of the fluid inertia and density,
which was omitted in Darcy’s law. It is observed therefore, that
the derivation of the parabolic diffusivity equation assumes that
the pressure propagates at an infinite speed, and as such, the
resulting solution models cannot be perfectly accurate to
describe the early times flow behaviour of fluids through porous
media. Due to the modification of the transport equation, the
resulting transport equation utilised in the derivation of the
hyperbolic diffusivity equation is Newton-like and Darcy-like
in form; it is Newton-like because it is related to the product of
mass and acceleration of the fluid and Darcy-like because if the
density is neglected it becomes the well-known Darcy law
(Jeffrey, 2014). The hyperbolic diffusivity equation is also
referred to as the ‘generalised diffusivity equation’ because,
when the speed of propagation is infinite, the resulting equation
is the parabolic diffusivity equation, and for steady state flow,
the equation becomes elliptic.

Van Everdingen and Hurst (1949) introduced the application
of convolution/deconvolution in the Laplace domain using the
Duhamel’s principle to obtain a solution for dimensionless
wellbore pressure drop. They specifically highlighted the
conveniences since the convolution of two functions results in
an algebraic product of the functions in the Laplace transform
domain. This Laplace domain operation provides a convenient
means of generating analytical solutions for many variable-rate
and variable pressure problems encountered in the field of
petroleum engineering. This work therefore introduces the use
of second-order spline interpolation algorithm in transforming
sampled data into Laplace domain in well test convolution and
deconvolution analyses and, also extends existing mathematical
procedures to obtain the dimensionless solutions to the
generalised (hyperbolic) diffusivity equation in the Laplace
domain, considering an infinite acting reservoir which only
allows us to measure the reservoir properties at the inner
(wellbore) boundary. Results are compared with those obtained
by Van Everdingen and Hurst (1949), showing clear distinction
at early flow periods.

2. Mathematical basis of deconvolution
The Laplace transform F(s) of a real function f(t):

F(s) = L{f (D)} = f f®e stdt, Vvt >0 (D

0
The Laplace transform of two convoluted functions f(t) and
g(t) yields the product of the transforms of the two functions.

LD g} =L ff(f)y(t—f)df = F(s)G(s) (2)

The Duhamel’s principle (Duhamel, 1833), used for solving
pressure drop function, Ap (r, t), at position r and time t due to
variable rate (qp), in the analysis of variable rate data in flow
through porous media, is simply the application of eq. (2).

AP(r,t) = f qp(DAP' (1, t — T)dt 3
0

The process of recovering the impulse or unit rate function
AP(r, t) from measured variable rate response, AP(r, t), and
variable rate, go(t), is the reversal of the effect of convolution
known as deconvolution. This implies that we are trying to
solve a Volterra Integral Equation of the first kind.

By taking the Laplace transform of (3):

AP(s) = p(s)AP;(s) C)
But:

L{P' ()} = sP(s) — P(0) )
Therefore,

L{AR; ()} = AP;(s) = sAP,(s) — AR,(0) (6)

But at time, t=0, AP, = 0, therefore,
AB(s) = sAP,(s) (7)

Then, (4) becomes:

8P () = Gy (5). sOP(S) ®)
_ AP
DR) = )

On inversion back to time domain:

AP(s) } (10)

AP, (t) = L‘l{ —
“ sqp(s)
This is the deconvolution process in which the constant rate

response AP, (t) has been recovered from the measured rate and

pressure data. Once recovered, this constant rate response can
then be analysed using the standard drawdown technique. The
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application of (10) requires that measured field data, AP(r, t)
and q(t) be transformed to the Laplace transform domain using
a proper approximating function and in addition, a suitable
numerical Laplace transform inversion algorithm which
effectively handles discontinuities and noise, to carry out the
inversion process.

3. Second order spline based deconvolution
If S(t) is given over the range a <t < b with knots defined by:

a=t0<t1<t2...<tn (11)
The second order spline in each subinterval can be written as
follows:

S;(t) = at? + bt; +c, (12)

i=12,..,n

Where, S represents measured dependent variable data such
as rate or pressure as a function of time, t. The coefficient a, b
and c are constants and different for each subinterval.

Second order spline function for each subinterval ti.y <z <t
with values yi.1 and y; at ti.; and t; respectively for pressure:

—t)(t; —t)
Pi(t—ti_1) + P_y(t; — 1)
(ti —ti—q1)

"
P(t) = > (ti—1

(13)

Where, 1 is the second derivative of the function. (13) can
be rearranged as follows:

mt? [P, —P_, m(t; +ti_1)
P =T+ [t - e,
(ﬁltiti—l Pt — Piti—1> .
2 t; —ti—q l
=23, ..,n (14)

Applying (1) to (14) over the interval t; < t < t, for tabulated
dependent variable data, such as pressure or production rate,
gives:

L{P(t)} = P(s) = f P;(t)e stdt

0

tq tn o
=fPi(t)e‘5tdt + f P;(t)e stdt + fPi(t)e'Stdt
0 t1 tn
tn
= f P;(t)e~stdt (15)
ty

But because the terms ) Otl P;(t)e stdt and
ftw P;(t)e~stdt are zero for a set of tabulated data within the
n

interval t < t < t,, they will therefore vanish.

substituting (14) into (15) yields the following Laplace
transforms:

For the first term:

tn
Lmtz _fmtz
2 (7 ) 2¢

—Stdt
t1
ty
— ﬁltz —stdt
t1
t3
. 2
+ f ~Stdt +
t2
tn
t2
] Te‘“dt (16)
th-1
mt?) ~om ([ t2 2t 2
L —_— = Z— ————— e_StL
2 L2 s s? s3
=2
tiz—l Ztl—l
s s2
_ 3] e—sti—1} (17)
53
For the second term:
I {[Pi — Py ot + ti—l)] .
b —ti—q
tn ]
P, — P;_ m(t; + t;_
=f i i-1 (1 11) te=Stdt
t;—tiq 2
t1
ty _
P, — P;_ m(t; + t;_
=f i i-1 (l. 11) te=stdt
ti —ti—1 2
t1
t3 r . ]
4 j P =Py m(t +ti-1) re-Stdt 4+ oo
tl - ti—l 2
ty
tn
f [Pi — Py
b=t
th—1
m(t; +t;_
GRS 1)] te~stdt (18)
{[P-—Pi 1 m(t +tL 1) }
L
t;
n
_ P — Pl 1 m(ti +ti_1) {(_E _ i) st
t; — 2 s s?

i=

( tiq
1) —sti 1}
T 52

(19)
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For the third term:

r {<Thtiti—1 N Pi_qt; — Piti—l)}
2 ti—tig

tn

me;t;_ P,_qt; — Pit;_
zf( LL1+11L LLl)e_Stdt
2 t;—tiq

t1
ty
_ f (mtiti—l +Pi—1ti — Pit;4
2 ti—tiq

)e‘“dt

f (ﬁltiti—l N P_it; — Pit;_4

estdt + -
2 tl - tl‘_l >

Pyt — Pit;_q

e stdt 20
ti - ti—l ) ( )

L{(mtiti—l + P_qt; — Piti—l)}
2 tl - ti—l

n
_ z (ﬁltiti—l
B 2

i=2
Piqt; — Piti—l) {_l(e—stz
b —ti—q

s
_ e-Stz-1)} (21)
Fori=2,3,...,natt;<t<t,.

4. Problem formulation
For a physical reservoir system of infinite radius R with a

centered well of radius r, the following simplifying assumptions

are made:

1. The reservoir is homogeneous and isotropic with respect to
permeability.

2. The formation is completely saturated with a single
incompressible fluid.

3. Constant and pressure independent rock and fluid
properties.

4. The well is completed across the entire formation thickness
to assume a fully radial flow around the wellbore.

5. Negligible gravity forces.

A. Mathematical model
1) Governing Equations

Continuity equation:

o) a(pvy) L 96w
Ox dy 0z
__09(sp)
- ot

V.(p?) =

(22)

Transport Equation:

By consolidating the idea of the generalised Darcy and
Navier-Stokes equations, we arrived at a hydrodynamic
equivalent to Newton’s second law of motion with the aim of
creating a new set of transport equations that account for the
effect of fluid density (inertia) and, also results to the
generalized Darcy’s equation when the inertia tends to zero.
(Oroveanu et.al., 1959; Pascal, 1986):

VP —=% (23)

Equation of state for slightly compressible fluid:
p = poePro (24)
Formation compressibility:

100

= 40p (25)
Fluid compressibility:

1dp
c = ;a—P (26)
Total compressibility:
¢t =c+cr (27)

Resulting Models:
The flow models (hyperbolic diffusivity equations) result
from the combination of equations (23) to (27):

Linear:
62P+62P+62P B %P +u¢ct oP 28
oxz " ay? " 922 P T Tk Gt (28)
Radial:
18(8P>_162P+16P 29
ror\ ar) =« 9¢2 n ot (29)
Where,
1
= — (30)
pPCt
-k (31)
= ugct
In terms of dimensionless variables:
1 0 aP, 5 0P, 0P,
———(rp=—) =1+ — 32
Tp 0Tp (TD arD) t otk + dtp (32)
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Where:
b 2mkh(P; — P) 33)
° uq
T 34
b = T, (34)
T
Tep = E (35)
nt
tp == 36
D r\/\% ( )
-k (37)
= Quc,
_n
T=o r (38)
5. Solution model
Equation (32) can also be expressed as:
d%P 1 0P, d%P daP
e e e (39)
or;  1p 0rp oty 0dtp
A. Laplace domain solution
I.Cs:
Py(rp,tp =0) =0 (40)
=, tp =0) =0 (41)

Taking the Laplace transform of (39):

aTDz (TD!S) ™ aTD (TD!S)

= 72|52y (1,5) = Py (1, £ = 0)

P, _

- _(TD,t = 0)] + SPD(TD,S)
at,

— Pp(1p,0) (42)

Inserting the initial conditions:

a—rDz(TD,S) + E%(TD,S) — (1%s* + s)Pp(1p, )

=0 (43)

Transformation to modified Bessel equation

22D
0z2

(rp,s) + Zg(rn,s) —z°Pp(1p, 5)
=0 (44)

Where:
z2 =1r5(t%s* +5) (45)
1) Solution for terminal rate inner boundary condition

_ 2mkh(P; — P)

Ppp=——"--——7= 46
() 1 (46)
B.C:
p—=—=—1, whenr, =1,Vt, >0 (47)
drp

General solution to (44):

Pp(rp,s) = Al (rm/‘rzsz + s)
+ BK, (TD\/TZSZ + s) (48)

A =0, for pressure to remain finite as r, — oo
From the boundary condition:

TDEZ—EZ%, WhenrDzl (49)
Inserting the boundary condition and solving for the
constant:

A/ r2¢2

PD(rD’S) N S\/Tzi(;)(-:bs.;lz\/;.:z + S) (50)

At the wellbore, r, = 1, therefore,
A/ Tr2c2

PoLs) = S\/Tzsfo—f STKT(\;_T;?Z +5) 1
For very small t,:

Ko2) = Ki) = [5e™ (52
Therefore,

Py(1,s) = sx/%—l—s (53)

By Heaviside expansion and inverse transform:

PD(li tD)

t, /2 t,~ /212 . 3ty 2t
¥ - 1 3
|—(§+1) 2|—(—§+1) 8|—<—§+1)
StD_S/Z‘L'6 105¢t,~ /278

B 5 1

167 (-5+1) 3847 (-5+1)
— 4 (54)
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Py(Lty) ~ 2 tp 72 34 157°
PR T 2Tty 16w,z 64ty 2

157578
3072vrt, /2
— (55)
For larger t;:
1 4 1 ¢
KO(Z) =~ Ell’l (ETVZ_Z) ( 6)
1
Ki(z) = - (57)
VA
Therefore,
1 4 1
_ sIn(—y. ==
PD(1,5)=2 (eV T°S +s) (58)

N

By Heaviside expansion and inversion back to time domain:

1
Py(1,tp) =In2 -y — > (=y —Intp) (59)
1

2) Solution for terminal pressure inner boundary condition

py =i F 61
> =5 .. (61)
B.C:
PD(TDzl,tD)zl VtD>0 (62)
Therefore,
_ 1
Po(1s) == (63)
Solution:
B, (. 5) Ko(rpVt2sZ +s) (64)
p,S) = ———=
pep sKo(V12s? +5)
_ 9Pp
dp = —Tp E (65)
From (63),
oP, 0. 5) Vi2sZ + 5. Ky (rpVT2s® + 5) 66)
—(1p,s) = —
orp ° sKo(VT2s2 +5)
Therefore,
_ pVT2s2 + 5. Ky (rpVT2s? + 5)
qp(rp,s) = (67)

sKo(VT2s2 +5)

At the inner boundary (wellbore):
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Vi2s2 + 5. K, (Vi2st +5)

qp(l,s) = 68
W) = T Ts) 9
For very small t,, (68) reduces to:
_ 252 +5
gp(1,s) = — (69)
But,
tp
) = [ oL mds (70)
0
Taking the Laplace transform of (70):
= q
Q(1,5) =-2(15) (71)
Therefore,
_ Vi2s2+s Vr2s+1
QD(L S) = 2 = 3 (72)
S S /2

By Heaviside expansion and inverse transform to time
domain:

QDC (1; tD)

~ tp + tp~/2r? —
F(%+1) 2r(—%+1) 8F(—%+1)

B 5tp,~ /278

16 r(—%+1) 128 r(—%+1)

g (73)

tl)'3/2‘r4

-5/, 6
t 2T
+ D

Qpe(1,tp) = 2 o, v + i + 30
perm b T 2VEl, 16wty /2 64Tty /2
7518

—
1024+/7t,, /2

+ (74)

As seen before, solution to the hyperbolic diffusivity
equation for larger time approximation is expected to yield the
same result as that of its parabolic counterpart. This implies that
the solution model for the parabolic equation converges to that
of its hyperbolic counterpart after some time from the beginning
of flow.

6. Results

The dimensionless pressure solutions to the famous parabolic
diffusivity equation (the case for t=0) can be found in the work
of Van A.F and Hurst W (1949), which is compared with the
solutions obtained in this work. Furthermore, log-log plots of
the Pp alongside Pp(Der) versus tp for the various values of ©
are shown for more illustration of the distinction.
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7. Discussion

The solutions obtained in this work yield the same results for
the larger times approximation as those of the work of Van
Everdingen and Hurst (1949). These solutions are useful for
pressure profile analysis which is vital for production
optimization in the oil and gas industry.

Also, the derivative plots show the stabilized dimensionless
pressure of 0.5 which we wish to maintain. This is the region
which indicates the ideal fully radial flow for the infinite acting
system that is producing clean oil.

As presented in fig. 1, it is observed that the inherent
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assumption of infinite speed of pressure propagation through
the fluid in Darcy’s Law due to the negligence of possible
inertia effect will have some effects on the results obtained. As
clearly demonstrated, the solutions to the radial flow parabolic
diffusivity equation will only converge to that of its hyperbolic
counterpart after sufficient time. It is therefore of the essence to
model with the hyperbolic diffusivity equation if the description
of the early time flow behaviour of the reservoir system is vital
in any reservoir engineering analysis.

8. Conclusion

The extension of the convenience of the Laplace domain
deconvolution to solving the hyperbolic diffusivity equation,
which is an extension on the classical work of VVan Everdingen
and Hurst (1949), clearly shows that the model (hyperbolic
diffusivity equation) can accurately model the reservoir flow
behaviour and better represents the early times flow nature of
the reservoir system.

Nomenclature

L = Laplace operator.

s = Laplace transform parameter.

Vv = for all.

AP(r,t) = pressure drop function.

AP, = impulse (unit or constant rate) function drop.
AP',, = derivative of the impulse function drop.

1, = wellbore radius.

u = fluid viscosity.

@ = formation porosity.

k = formation permeability.

h = pay thickness.

rp = dimensionless radius.

tp = dimensionless time.

T = dummy variable.

gp = dimensionless flow rate.

Qp = dimensionless cumulative production.

Pp= dimensionless pressure.

gp = transformed dimensionless rate.

Qp = transformed dimensionless cumulative production.
P, = transformed dimensionless pressure.

V = div operator.

¥ = directional velocity.

p = density.

¢y = formation compressibility.

¢ = fluid compressibility.

¢; = total compressility.

n = hydraulic diffusivity.

o= speed of sound through fluid.

A, B = constants in the general solution to the modified
Bessel equation.

Iy = zeroth order modified Bessel function of the
first kind.

K, = zeroth order modified Bessel function of the
second kind.

K, = first order modified Bessel function of the second
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kind.
e = exponentiation.
oo = infinity.

T~

3.142

y = Euler’s constant = 0.5772.
0 = partial differential.
[ =integral sign.
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