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Abstract: This paper is we investigate theoretical development 

in fractional differential equation with periodic boundary 

condition by using monotone iterative method. 

 

Keywords: Impulsive, Riemann- Liouville sequential fractional 

derivative, periodic boundary value problem. 

1. Introduction 

In introductory course on fractional differential equations,  

𝒟2𝛼𝑣(𝑡) = 𝑓(𝑡, 𝑣, 𝒟𝛼𝑢),    𝑡𝜖(0, 1]\{𝑡1,...,𝑡𝑚},0 < 𝛼 ≤ 1,      (1) 

                 

𝑙𝑖𝑚
𝑡→0+

𝑡1−𝛼 𝑣(𝑡) = 𝑣(1)  ,       𝑙𝑖𝑚
𝑡→0+

𝑡1−𝛼𝒟𝛼 𝑢(𝑡) = 𝒟𝛼𝑢(1),    (2) 

      

𝑙𝑖𝑚
𝑡→𝑡𝑗

+
(𝑡 − 𝑡𝑗)

1−𝛼
(𝑣(𝑡) − 𝑣(𝑡𝑗)) = 𝐼𝑗 (𝑣(𝑡𝑗)) ,                        (3)   

                    

𝑙𝑖𝑚
𝑡→𝑡𝑗

+
(𝑡 − 𝑡𝑗)

1−𝛼
(𝒟𝛼𝑣(𝑡) − 𝒟𝛼𝑣(𝑡𝑗)) = 𝐼𝑗̅ (𝑣(𝑡𝑗)),              (4)                    

Where, 

𝒟𝛼𝑣(𝑡) = (0𝒟𝑡
𝛼𝑣)(𝑡) =

1

𝛤(1 − 𝛼)

𝑑

𝑑𝑡
∫ (𝑡 − 𝜏)−𝛼

𝑡

0

𝑣(𝜏) 𝑑𝜏 

is the standard Riemann–Liouville fractional 

derivative, 𝒟2𝛼 = 𝒟𝛼(𝒟𝛼𝑣) is the sequential Riemann–

Liouville fractional derivative . 

0 < 𝑡1 < 𝑡2 <· · ·< 𝑡𝑚 < 1, 𝐼𝑗 , 𝐼𝑗̅ ∈ C(𝑅, 𝑅) (𝑗 = 1,2, . . . , 𝑚) 𝑓 

is continuous at every point (𝑡, 𝑢, 𝑣) ∈ [0, 1] × 𝑅 × 𝑅, 

Differential equation with fractional order have recently 

proved valuable tools in the modeling of many phenomena in 

various fields of science and engineering. Recently, many 

researchers have paid attention to existence result of solution of 

the initial value problem and boundary value problem for 

fractional differential equations. For example, Belmekki et al. 

investigated the existence and uniqueness of solution of the 

following fractional differential equation with periodic 

boundary value condition 

 

𝒟𝛿𝑣 − 𝜆𝑣(𝑡) = 𝑓(𝑡, 𝑣(𝑡)), 𝑡 ∈ (0, 1],    0 <  𝛿 < 1,              (5) 

                                                                                                                  

lim
𝑡→0+

𝑡1−𝛿𝑣(𝑡) =  𝑣(1),                                                            (6)                                                    

 

𝒟0+
2𝛼𝑦(𝑥) = 𝑓(𝑥, 𝑦, 𝒟0+

𝛼 𝑦),      𝑥 ∈ (0, 𝑇],                                  (7) 

                    

 𝑥1−𝛼𝑦(𝑥)|𝑥=0 = 𝑦0, 𝑥1−𝛼(𝒟0 +
𝛼 𝑦)(𝑥) = 𝑦(1)                       (8)  

 

by using monotone iterative method, where 𝒟0+
𝛼 = 𝒟𝛼and 

𝒟0+
2𝛼 = 𝒟2𝛼are as mentioned above. 

A. Theorem 

The linear impulsive boundary value problem 

𝒟2𝛼𝑣(𝑡) + 𝑝𝒟𝛼𝑣(𝑡) + 𝑞𝑣(𝑡) = 𝜎(𝑡), 𝑡𝜖(0, 1]\{𝑡1, . . . , 𝑡𝑚} (9)   

 

lim
𝑡→0+

𝑡1−𝛼𝑣(𝑡) = 𝑣(1),          lim
𝑡→0+

𝑡1−𝛼𝒟𝛼𝑣(𝑡) =  𝒟𝛼𝑣(1),   (10) 

 

lim
𝑡→𝑡𝑗

+
(𝑡 − 𝑡𝑗)

1−𝛼
(𝑣(𝑡) − 𝑣(𝑡𝑗)) = 𝑎𝑗,                𝑗 = 1, . . . , 𝑚,    (11) 

 

lim
𝑡→𝑡𝑗

+
(𝑡 − 𝑡𝑗)

1−𝛼
(𝒟𝛼𝑣(𝑡) − 𝒟𝛼𝑣(𝑡𝑗)) = 𝑏𝑗,   𝑗 = 1, . . . , 𝑚, (12)  

 

Where p, q, aj, bj ∈ R are constants with p, q > 0 and p2 >

4𝑞 and  σϵC[0,1], has the following representation of solutions 

𝑣(𝑡) =  ∫ 𝐺𝜆,𝑎(𝑡, 𝑠) ∫ 𝐺𝜆1,𝛼

1

0
(𝑠, 𝜏)𝜎(𝜏) 𝑑𝜏

1

0
+ ∑ Γ𝑚

𝑗=1 (𝛼)(𝑏𝑗 −

𝜆2𝑎𝑗) ∫ 𝐺𝜆2,𝛼

1

0
(𝑡, 𝑠)𝐺𝜆1,𝛼

(𝑠, 𝑡𝑗) 𝑑𝑠 + ∑ Γ𝑚
𝑗=1 (𝛼)𝐺𝜆2,𝛼

(𝑡, 𝑡𝑗)𝑎𝑗,    

                        (13) 

where Gλi,α
(t, s)(i = 1,2) 

 

𝜆1 =
−𝑝+√𝑝2−4𝑞

2
< 0,               𝜆1 =

−𝑝+√𝑝2−4𝑞

2
          (14)                                     

B. Proof 

Let (𝒟𝛼 − 𝜆2)𝑢(𝑡) = 𝑥(𝑡), 𝑡𝜖(0, 1]\{𝑡1, . . . , 𝑡𝑚}. 

 

Then the problem (9) − (12)is equivalent to 

(𝒟𝛼 − 𝜆2)𝑣(𝑡) = 𝑥(𝑡)  ,   𝑡𝜖(0, 1]\{𝑡1, . . . , 𝑡𝑚},                    (15)   

              

lim
𝑡→0+

𝑡1−𝛼 𝑣(𝑡) =  𝑣(1)                                                           (16) 

 

lim
𝑡→𝑡𝑗

+
(𝑡 − 𝑡𝑗)

1−𝛼
(𝑢(𝑡) − 𝑢(𝑡𝑗)) = 𝑎𝑗                                      (17) 
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And (𝒟𝛼 − 𝜆1)𝑥(𝑡) = 𝜎(𝑡)  ,        𝑡𝜖(0, 1]\{𝑡1, . . . , 𝑡𝑚},       (18) 

 

lim
𝑡→0+

𝑡1−𝛼 𝑥(𝑡) = 𝑥(1),                                                            (19) 

 

lim
𝑡→𝑡𝑗

+
(𝑡 − 𝑡𝑗)

1−𝛼
(𝑥(𝑡) − 𝑥(𝑡𝑗)) = 𝑏𝑗 − 𝜆2𝑎𝑗                           (20) 

 

𝑘 = 0, we obtain that BVPs(15) − (17)and (18) − (20)have 

the following representation of solutions 

 

𝑣(𝑡) = ∫ 𝐺𝜆2,𝛼

1

0
(𝑡, 𝑠)𝑥(𝑠) 𝑑𝑠 + ∑ Γ(𝛼)𝑚

𝑗=1 𝐺𝜆2,𝛼
(𝑡, 𝑡𝑗)𝑎𝑗      (21) 

 

𝑥(𝑡) = ∫ 𝐺𝜆1,𝛼

1

0
(𝑡, 𝑠)𝜎(𝑠) 𝑑𝑠 + ∑ Γ(𝛼)𝑚

𝑗=1 𝐺𝜆1,𝛼
(𝑡, 𝑡𝑗)(𝑏𝑗 −

𝜆2𝑎𝑗  )                       (22) 

 

Respectively, Substituting(22)into (21), we get  

 

𝑣(𝑡)

= ∫ 𝐺𝜆,𝑎(𝑡, 𝑠) ∫ 𝐺𝜆1,𝛼

1

0

(𝑠, 𝜏)𝜎(𝜏) 𝑑𝜏

1

0

+ ∑ Γ

𝑚

𝑗=1

(𝛼)(𝑏𝑗

− 𝜆2𝑎𝑗) ∫ 𝐺𝜆2,𝛼

1

0

(𝑡, 𝑠)𝐺𝜆1,𝛼
(𝑠, 𝑡𝑗) 𝑑𝑠 + ∑ Γ

𝑚

𝑗=1

(𝛼)𝐺𝜆2,𝛼
(𝑡, 𝑡𝑗)𝑎𝑗, 

 

Hence proved. 

2. Main result 

Let 𝑣0, 𝑤0 ∈ 𝑃𝐶1−𝛼[0,1].   𝑣0is called a lower solution of the 

problem(1) − (4)if it satisfies, 

 

𝒟2𝛼𝑣0(𝑡) ≤ 𝑓(𝑡, 𝑣0, 𝒟𝛼𝑣0), ∈ (0, 1]\{𝑡1, . . . , 𝑡𝑚},                 (23) 

 

lim
𝑡→0+

𝑡1−𝛼𝑣0(𝑡) ≤ 𝑣0(1),            lim
𝑡→0+

𝑡1−𝛼𝒟𝛼𝑣0(𝑡) ≤ 𝒟𝛼𝑣0(1),                

                        (24) 

 

lim
𝑡→𝑡𝑗

+
(𝑡 − 𝑡𝑗)

1−𝛼
(𝑣0(𝑡) − 𝑣0(𝑡𝑗)) ≤ 𝐼𝑗 (𝑣0(𝑡𝑗)),                  (25)                             

lim
𝑡→𝑡𝑗

+
(𝑡 − 𝑡𝑗)

1−𝛼
(𝒟𝛼𝑣0(𝑡) − 𝒟𝛼𝑣0(𝑡𝑗)) ≤ 𝐼𝑗̅ (𝑣0(𝑡𝑗))         (26)                         

And 𝑤0is called an upper solution of the problem (1) − (4) if 
it satisfies 

𝒟2𝛼𝑤0(𝑡) ≤ 𝑓(𝑡, 𝑤0, 𝒟𝛼𝑤0),         𝑡 ∈ (0, 1]\{𝑡1, . . . , 𝑡𝑚},   (27) 

               

lim
𝑡→0+

𝑡1−𝛼𝑤0(𝑡) ≤ 𝑤0(1), lim
𝑡→0+

𝑡1−𝛼𝒟𝛼𝑤0(𝑡) ≥ 𝒟𝛼𝑤0(1),  (28) 

lim
𝑡→𝑡𝑗

+
(𝑡 − 𝑡𝑗)

1−𝛼
(𝑤0(𝑡) − 𝑤0(𝑡𝑗)) ≤ 𝐼𝑗 (𝑤0(𝑡𝑗)),               (29)             

lim
𝑡→𝑡𝑗

+
(𝑡 − 𝑡𝑗)

1−𝛼
(𝒟𝛼𝑤0(𝑡) − 𝒟𝛼𝑤0(𝑡𝑗)) ≤ 𝐼𝑗̅ (𝑤0(𝑡𝑗))     (30)               

In the following, we assume that 

{
𝑣0(𝑡) ≤ 𝑤0(𝑡), 𝑡𝜖(0, 1]:  lim

𝑡→0+
𝑡1−𝛼𝑣0(𝑡) ≤ lim

𝑡→0+
𝑡1−𝛼𝑤0(𝑡),

lim
𝑡→0+

𝑡1−𝛼𝒟𝛼𝑣0(𝑡) ≤ lim
𝑡→0+

𝑡1−𝛼𝒟𝛼𝑤0(𝑡),                               
 

                           (31) 

and define the order interval in space 𝑃𝐶1−𝛼
𝛼 [0,1]: 

[𝑣0, 𝑤0] = {𝑢 ∈𝑃𝐶1−𝛼
𝛼 [0,1]: 𝑣0(𝑡) ≤ 𝑢(𝑡) ≤ 𝑤0(𝑡), 𝑡 ∈ (0, 1],   

  

lim
  𝑡→0+

𝑡1−𝛼𝑣0(𝑡) ≤ lim
𝑡→0+

𝑡1−𝛼𝑢(𝑡) ≤ lim
𝑡→0+

𝑡1−𝛼𝑤0(𝑡), 

 

lim
  𝑡→0+

𝑡1−𝛼𝑣0(𝑡) ≤ lim
𝑡→0+

𝑡1−𝛼𝒟𝛼𝑢(𝑡) ≤ lim
𝑡→0+

𝑡1−𝛼𝒟𝛼𝑤0(𝑡)} 

 

Let 

𝑀1(𝑇) ≔ 𝒟𝛼𝑣0(𝑡) + 𝜆2(𝑤0(𝑡) − 𝑣0(𝑡)),   𝑀2(𝑇)

≔ 𝒟𝛼𝑤0(𝑡) + 𝜆2(𝑤0(𝑡) − 𝑣0(𝑡)) ,  

 

For convenience, we shall assume that 𝑓satisfies the 

following conditions: 

 

(𝐻1) There exist constants 𝑝, 𝑞 > 0with 𝑝2 > 4𝑞 such that 

 

𝑓(𝑡, 𝑤0, 𝒟𝛼𝑤0) − 𝑓(𝑡, 𝑤0, 𝒟𝛼𝑣0)

≥ −𝑝(𝒟𝛼𝑤0 − 𝒟𝛼𝑣0) − 𝑞(𝑤0 − 𝑣0), 
 

Where 𝑡 ∈ (0, 1]\{𝑡1, . . . , 𝑡𝑚}, 𝑣0, 𝑤0 ∈ 𝑃𝐶1−𝛼
𝛼 [0,1]are lower 

and upper solutions of problem(1) − (4); 
 

(𝐻2) There exist constants 𝑝, 𝑞 > 0 with 𝑝2 − 4𝑞 such that 

𝑓(𝑡, 𝑥2, 𝑦2) − 𝑓(𝑡, 𝑥1, 𝑦1) ≥ −𝑝(𝑦2 − 𝑦1) − 𝑞(𝑥2 − 𝑥1), 
 

Where,  

𝑡 ∈ (0, 1]\{𝑡1, . . . , 𝑡𝑚}, 𝑣0(𝑡) ≤ 𝑥1 ≤ 𝑥2 ≤ 𝑤0(𝑡), 𝑀1(𝑡) ≤ 𝑦𝑖 

≤ 𝑀2(𝑡), 𝑖 = 1,2; 
 

(𝐻3)𝐼𝑗 , 𝐼𝑗̅ ∈ 𝐶(𝑅, 𝑅), 𝐼𝑗(𝑦) ≥ 𝐼𝑗(𝑥) and 𝐼𝑗(𝑦) ≥ 𝐼𝑗̅(𝑥),  

 ∀𝑣0(𝑡𝑗) ≤ 𝑥 ≤ 𝑦 ≤ 𝑤0(𝑡𝑗), 𝑗 =  1,2 . . . , 𝑚. 

A. Example 

suppose that (𝐻1)and (𝐻3) hold.  Then 

 

𝒟𝛼(𝑤0(𝑡) − 𝑣0(𝑡)) − 𝜆2(𝑤0(𝑡) − 𝑣0(𝑡)) ≥ 0,     𝑡 ∈ (0, 1]. 

B. Proof 

Let  

𝑦(𝑡) = 𝒟𝛼(𝑤0(𝑡) − 𝑣0(𝑡)) − 𝜆2(𝑤0(𝑡) − 𝑣0(𝑡)), 𝑡 ∈ (0, 1]. 

 

Then by (𝐻1)and (𝐻3),we have 

 

𝒟𝛼𝑦(𝑡) − 𝜆1𝑦(𝑡) = 𝒟2𝛼(𝑤0(𝑡) − 𝑣0(𝑡)) + 𝑝𝒟𝛼(𝑤0(𝑡) −

𝑣0(𝑡)) + 𝑞(𝑤0(𝑡) − 𝑣0(𝑡))  

≥ 𝑓(𝑡, 𝑤0, 𝒟𝛼𝑤0) − 𝑓(𝑡, 𝑣0, 𝒟𝛼𝑣0) + 𝑝𝒟𝛼(𝑤0(𝑡) − 𝑣0(𝑡))

− 𝑞(𝑤0(𝑡) − 𝑣0(𝑡)) ≥ 0 
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lim
  𝑡→0+

𝑡1−𝛼𝑦(𝑡) − 𝑦(1) = lim
  𝑡→0+

𝑡1−𝛼(𝒟𝛼𝑤0(𝑡) −

𝒟𝛼𝑣0(𝑡)) − 𝒟𝛼(𝑤0(1) − 𝑣0(1))  

 

−𝜆2 lim
  𝑡→0+

𝑡1−𝛼(𝑤0(𝑡) − 𝑣0(𝑡)) + 𝜆2(𝑤0(1) − 𝑣0(1)) ≥ 0, 

and 

lim
𝑡→𝑡𝑗

+
(𝑡 − 𝑡𝑗)

1−𝛼
(𝑦(𝑡) − 𝑦(𝑡𝑗)) ≥ 𝐼𝑗̅ (𝑤0(𝑡𝑗)) −

𝐼𝑗̅ (𝑣0(𝑡𝑗)) − 𝜆2 [𝐼𝑗 (𝑤0(𝑡𝑗)) − (𝑣0(𝑡𝑗))]  

≥ 0, 𝑗 =  1,2 . . . , 𝑚. 
 

Have 𝑦(𝑡) ≥ 0  for 𝑡 ∈ (0, 1]. 
 

Hence the proof. 

3. Conclusion 

This paper presented existence of solutions for nonlinear 

impulsive fractional differential equation with periodic 

boundary conditions.  
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