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1. Introduction

In the past decade, many authors investigated the existence
result for fractional evolution equation; see [25, 26]. Moreover,
there are different type of mild solutions that have been proved.
For example, the first one was constructed in terms of a
probability density function given by El-Borai [27] and was
then developed by Zhou et al. [28, 29], and the second one was
presented in terms of an B-resolvent family provided by Araya
et al. [30] and then Mophou et al. [31]. But, in both senses, if
the closed operator in the evolution equation is dependent on
more then the considered case can be taken as an open problem.
For this reason, we will introduce in this article a new concept
called (B,u) - resolvent family, which is based on Araya-
Lizama concepts [30], and Hill-phillips principles [32]. Our
paper is organized as follows. Section 2 is devoted to a review
of some essential results in fractional calculus and the resolvent
operators that will be used in this work to obtain our main

results. In section 3, we state and prove the controllability
result. Section 4 deals with an example to illustrate the
abstracts.

2. Preliminaries

Consider the fractional integro-differential control system of
the form

A0 4 At O = B +

ot f (tu(r®)). fy 9 (t5u(6()))ds oo (1)
u(0)+h(u) =uy, L
Au(t;) = L;(u(ty)), )

Where the state u(.) takes values in the Complete Vector

Space X, 0< a <1,t€[0,a], ug €X,1=12,...m and 0
<t; <t, <ts <-t, <a Weassume that—A(t,.) isa closed
linear operator defined on a dense domain D(A) in X into X
such that D(A) is independent of t. It is assumed also that —
A(t,.) generates an evolution operator in the Complete Vector
Space X, the control function u belongs to the space L2(S, U),
a Complete Vector Space of admissible control functions with
U as a Complete Vector Space and B : U—-X is a bounded linear
operator. The functions f: Sx X2 > X, g :Ax XK > X, ¢ :
S X XZ - X' h : PC(S,X) - X, u(y) = (u(]/1)i "'u(yr))v
u(8) = (u(dy), ...u(dx)), and y,,64 : S — S are given, where
p=12,..,q=12,...k HereS=[0,a]land A = {(t,s):0 <
s <t<a}.

Let pc(S, X) consist of functions u from S into X, such that
u(t) is continuous at t # t; and left continuous at ¢t = t; and
the right limit w(t;") exists for i=1,2,..m.clearly
pc(S, X) is a Complete Vector Space with the norm |[ul[,,. =
supee;llu)|l, and let Au(t;) = u(ti") — u(t]) constitute an
impulsive condition.

In recent years, fractional differential equations have
attracted the attention of many mathematician and physicists,
see for instance, Baleanu et al. [1-3], Agarwal and
Lakshmikantham et al. [5-8] and Kilbas et. al. [9,10]. See also
[11-15]. The existence results to evolution equations with
nonlocal conditions in Banach spach was studied first by
Byszewski [16, 17]. Deng [18] indicated that, using the
nonlocal condition w(0) + h(u) = u, to describe for instance,
the diffusion phenomenon of a small amount of gas in a
transparent tube can give better result than using the usual local
Cauchy problemu(0) = u,. Let as observe also that since
Deng’s papers, the function h is considered

hw) = i aulty), e 4)

Where ¢, k = 1,2, ...,p are given constants and 0 < t; <
<ty <a.

Let X and Y be two Complete Vector Spaces such that Y
is densely and continuously embedded in X. For any Complete
Vector Space Z, the norm of Z is denoted by]||. || ,. The space of
all bounded linear operators from X and Y is denoted by
B(X,Y) and B(X, X) is written as B(X).
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A. Definition
The fractional integral of order B > 0 is defined by
157 = f O s
F(a) ), (t—s)'F
Where T is the gamma function and f € L*([a, b], R*).
If a = 0, we can write I“f(t) = (gp = f)(t), where

——tF1t>0
F(ﬁ)
0, t<o0

As usual, * denotes the convolution of functions, also we
have limg_0g5(t) = 6(t), which is the delta function.

gp(t) =

Definition
The Riemann-Liouville fractional derivative of order n —
1 < B < nis defined by
d® t  f(s)

pB
t e —
IO =T gyar ), T sy
Where f is an abstract contlnuous function on the interval

[a, b] and n € N*, also the Caputo fractional derivative of order
n—1< B <nisdefined by

ds,

(n)(s)
cnB
aDe f() = e ﬁ)f & sy s

This definition is still now a basic source for all authors that
are working in the field of fractional calculus.

Definition
A two parameter family of bounded linear operators
U(t,s),0<s<t<a,on Xis called an evolution system if
the following two conditions are satisfied
MU t) =LUENU@,s) =U(,s)for0<s<r<t<
a
(i) (t,s) = U(¢t,s) isstrongly continuousfor0 < s <t <a
Let E be the Complete Vector Space formed from D(A)
with the graph norm, since - A(t) is closed operator, it follows
that — A(t) is in the set of bounded operator from E to X.

B. Definition
Let A(t,u) be a closed and linear operator with domain
D(A) defined on a Complete Vector Space X and g > 0 . let
p[A(t,u)] be the resolvent set of A(t,u) the generator of an
(B, u)-resolvent family if there exist w = 0 and a strongly
continuous function R g ,,y: RZ — L(X) such that {A#: Re(1) >
w}Cp(Ad)andfor0 <s <t < oo,
MBI —A(s,u) v = f
0
> o, (u,v) € X2
In this case , R(g.,)(t, s) is called the (B, w)-resolvent family
generated by A(t,u).

e_)”(t_s)R(ﬁ,u) (t,s)vdt, Re(})

C. Definition
Let mild solution

d;,gﬂ + At u(®)u(t) = (Bu)(t) +

ot f (t, u(y(t))) , fotg (t, s, u(d(s))) ds
Au(ty) = L(u(ty)),
®)
(1)-(3) we mean a function u € PC(S: X) with values in Q
satisfying the integral equation
u, (¢)
= R (t, 0)ug — R (€, 0)h(w)

+ [ R @oEOE

0
N

+ 6. f (s u(r®)). [ g (s mu(sm)) dnids
0
+ Z Ryt eI (u(ty)) t €]
o<t;<t

For all u, € X and admissible control u € L2(S,U). we

assume the following conditions.
(H;) The bounded linear operator E: L2(S,U) — X defined

by

a
E, = f Rw(a,s)B, (s)ds,
0

Has an induced inverse operator £~ which takes values in
L?(S, U)/ker E and there exists positive constants M;, M,, such
that ||B|| < M, and ||[E~Y|| < M,.

(Hy))h:pc(S: Q) = Y is lipschitz continuous in X and

bounded in Y, that is there exists K; > 0 and K, > 0 such that

lh@)lls < K,

[lh(w) = hM)Il, < K, r?gsxllu — V|l pes u,v € PC(S: X).

For conditions (H;) — (Hs) let Z taken as both X and Y.

(H3)g:Ax z*¥ - z is continuous and there exist

constants K; > 0 and K, > 0 such that
t

jllg(t, S, Uyp, e, W) — G(E, S, 01, v, V)|, ds

k
< ks ) g = vl
q=1

=12, ..k,

Ug, Uy €EX,q

ky = max{fllg(t, 5,0,..,0)|,ds : (t,s) € A}

0
(Hy)f:S x z" - z is continuous and there exist constants
ks > 0 and k, > 0 such that

If @t uy, s ur) = f& V1 e, )l
r
< ks Z”up - "p”Z' Up, Vp EX,p
p=1
=12, ..,1,

ke = maxllf (5,0, .. 0.

(Hs) 9:S X Z? - Z is continuous and there exists constants
k; > 0 and kg > 0 such that
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”Q(t: u1,u2) - o(tl vy, 1]2)”2
< k7 (lluy — vl
+ lluz = vall2), us,up, vy, v; €X,
ks = max[|9(t, 0,0)1l,-

(Hg) ¥p, 64:S — S are bijective absolutely continuous and
there exist constants ¢, > O0and b, > 0 such that y,(t) = ¢,
and 8,(t) = b, respectively for t€S,p=1,..7 and q =
1,..k.

(H;)I;: X = X are continuous and there exist constants I; >
0,i =1,2,..msuchthat ||;(u) — L(W)|| < Lllu—v|, wve
X.

Let us take M, =max||Rp.( )| 0<s<t<

B(z)’
a,u €.
(Hg) There exist positive constants C;, C,, C; € (0,C/3] and
A1, 22,23, A4 € [0,3) such that
Cy = Myllugll + Myky,
Cy = MoM My [llugll + Mo lluoll + Moky + Mok,6 + Mokga
+ Myé]a,
Cs = Mok,0 + Mokga + Myé,
And
A = kallugll + kika + Myk,,
Ay = 2‘12]‘1\/111\/12{”“1||y
+ Mo(lluolly + ky + k70 + kga + §)},
A3 = ka(k;0 + kga) + Myk-p,
m

A, = ka& + MOZIi,
i=1

Where p=alks(1/c; + -+
1/¢,) + ks(1/by + -+ 1/b)], 0 = pé + a(k, + kg) and
§ =2EU:C + ILO)D.

D. Definition

We shall say that the fractional system (1)-(3) is
controllability on the interval S if for all u,, u; € X, there exists
a control u € L2(S, U), such that the mild solution u(.) of (1)-
(3) corresponding to u, verifies:u(0) + h(w) = uy, Au(t;) =
L(u(t)),i=12,..mand u,(a) = u,.

3. Controllability result

Lemma: 3.1
Let Rigq)(t,s) be the (B,u)-resolvant family for the
fractional problem (1)-(3). There exists a constant k > Osuch
that

t
IR g0 (6 )0 = Ry &, )| < Kllolly f () — v(Dlldr,

N

Forevery u,v € Pc(S: X) with valuesin Q and every w € Y.

Proof:

Since the resolvent operator is similarly to the evolution
operator for nonautonomous differential equations in a
Complete Vector Space, then we can use a similar manner as in
[41, lemma 4.4,p.202].

Let s; = {u:u € PC(S:X),u(0) + h(u) = uy, Au(t;) =
L(u(e)) llull < c}, forcesS,c>0upeXandi=1,..,m
Theorem: 3.2
Suppose that the operator - A(t,u) generates an (f,u)-
resolvent family with ||Rgg.)(t,s)|| < Me™2®) for some
constants M, o > 0. If hypothesis (H,) — (Hg) are satisfied,
then the fractional control integro-differential system (1) with
nonlocal condition (1,2) and impulsive condition (1,3) is
controllable on J.

Proof

Using hypothesis (H; ), for an arbitrary function u(.), we
define the control

u(@®
= E‘l[ul - R([?,u) (Cl, O)U.o + R(p’,u) (a, O)h(u)

a 0
_jR(ﬁ,u)(a,s)¢(&f(S'U(V(S))),fg(S,n,u(c?(n))) dn)ds

0 S
=D Ripu (@ )b @E)](©)

We define an operator p: s, — s¢ by
(Pu)(®)
= Riga (t, 0ty — Rig .y (t, 0)h ()

t
+ f R(ﬁ,u)(t' U)Bf_l [ul - R(ﬁ,u)(a, 0)u,
0

+ R(ﬁ,u) (a, O)h(u)
a

_fR(ﬁ,u)(a,s)(?)(s,f(S,u(V(S))),J:g(s,r,u(6(r))) dr)ds

o

- Z R (a t)l; (u(ti))l (mdn

n fot Rpan(t,9)B(s, f (s,u(y(s))),fosg (S, T,u(5(T))) dr)ds
+ Z Rigay (&, eI (u(t))-

0<t;<t
Using this controller we shall show that operator P has a
fixed point. This fixed point is then a solution of equation.
Clearly Pu,(a) = uy, which means that the control u
steers system (1)-(3) from the initial state u, to u, in time a,
provided e can obtain a fixed point of the nonlinear operator p.
Now we show that p maps s into itself.
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[[(Pu, ) @]
< [|Rgay (& 0o || + [|Reg ey (8, )R () |

t
+ [ IRgotmllse-|

”ul ” + ||R(ﬁ,u)(a, O)MO ||
a

+ IR0 (@ OGN + [ R @]
0

X { oG, f (s,u(y(s))),Lsg (S, T,u(é‘(‘r))) dr)

—0(s,0, 0)‘

+110(s, 0, O)II}dS

) IR @ ell{[l1 () - 1O + ||1i(0)||}l dn

Rz (t,
+ [ IRgu ol |
x{ (D(s,f(s,u(y(s)))f g(s,‘r,u(é‘(‘r)))dr)
0
—@(s,0, 0)‘
+ ) IR @ () = L] + 151}
o<t;<t

Using Hy, H,, Hs and H,, we get
||(Pu#)(t)|| < Myllugll + MoK,

+110(s, 0, O)II}dS

1
+f MoM M, [||U1|| + Mylluoll + MoK,
0

+fM4&QV@ﬂw@DH

; H f "9 (s, nu(6@)) a0 ) + KB} ds
M, i@.c + ||1i(0)||)] dn

[ i [ (satron)|

i=1
+ Hfsg (s, T,u(c?(r))) dr) ) + KB} ds
0

+ My ) UiC + I O)ID.
i=1
We have
||(puﬂ)(t)|| < Mylluoll + Mok,
+ MMM, [|lug | + Molluoll + Mok,
+ Myk;0 + Mgkga + Myéla + Myk,0
+ Mykga + Myé.
From assumption Hg, one gets (pu,,)(t) < C. thus p maps
sc into itself.
Now for u, v € s, we have
||puu(t) — pvu(t)” <L+L+I+]1,
Where

I = [|Rga (8, 01t — Reg (£, 0| +
IR (g (t, )R (1) = Reg (£, )R],

I
t

zf[

0

= R (a, 0)h(w)
a

—fR(ﬁ,u)(a's)(b(s‘f(S.u(V(S))).fosg(s.nu(rﬁ(r))) dr)ds

o

- Z Reg (@, t)1;(u(t:))] = Regy (6,m) BE™* [uy

— Ry (a,0)ug — Rigpy(a, 0)h(v)
a

_ f Rgw(a,)0(s, f (s, v(y(s))) ) fosg (s, T, v(&(r))) dr)ds

0
} dn'

— z Ripm(a, t)I;(v(t))]
Ripa(t, )O(s, f (s,u(y(s))) ) j g (s, r,u(c?(r))) dr)
0

Rgy (& MBE*uy — Repay(a, 0)ug

I
t
Of

— R (&, 9)0(s, f (s, v(y(s))) , J g (s, T, U(S(T))) dr)

0

N

And

I, = ZHR(B.u)(t' tDL(u(t)) — Repwy (& DL () ||-

Applying lemma 3.1 and H,, we get
I < {[Rga (8 0)uto = Reg (£ 0o |
+ || Regy (£, 0)h(w) — Rep .y (t, 0)h(w) ||
+ ||Repw) (6, OOR(W) — Ry (t, ORW)||
< {kalluoll + kika + Mokz} max|ju(z) — v(D)l.
Also we apply lemma 3.1 and 3.2 H,, H,, Hs and Hg, we
obtain
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I, Now, form lemma 3.1, H; and Hg , we have
m

2max ([ul ~ Reg(a, 0uo I; < Z{+||—R(Bﬂ,) (& )L (D) ||}
+ Rigu (@, 0)h(w) i=1

_ foa Ry (a,s)® (s,f (s,u(y(s))) , J:g (s, T,u(6(r))) dr) ds

< aZleMZ{

< [k D we + L a+ My ). li}rggasxnu(r) ~v@Il.

i=1

i It follows from these estimations that
4 4
— Z Rigan(a, t){L(u(t)) — 1;(0) + Ii(O)}] ) [ul ||Pw, (&) — Py, ()] < Z I < Z Ay max|ju(r) — v(0)||.
i=1 4 L T€eS
— R (a,0)uy + Regy(a, 0)h(v) /=t =1

p s Therefore, P is a contraction mapping and hence there exists
— f R (@,5) (s,f (5, v(y(s))) f g (5, T, v(6(r))) d’[) d# unique fixed point ueX, such that Pu(t) = u(t). Any fixed
0 0 point of P is a mild solution of (1.1)-(1.3) on J which satisfies

) u(a) = u,. Thus, system (1)-(3) is controllable on J.

- Z Rigw(a, ti){li (v(ti)) = L;(0) +[; (0)} }rggxnu(r)

_ v_(r)ll 4. Example

< 2a2kMyMy{llugIY + My(luollY + Ky + K50 + Kga + _ Consider_ thg folloyving fractional nonlocal impulsive
) r?easX””(T) —v@|l. |nte%rg-part|al dlffe(;gntlal control system of the form

Again, Lemmas 3.1,H; — H, and Hg imply that 3F z(t,y) = z(t y) +u(t,y)

13 t

t . —-z(s,y)ds

f { R(ﬁu)(t S)Q) (S f(S u(y(s))) f (S T, 17(6(‘[))) ) + ko(Y) San(t.Y) +k1.[(-) e 1]

— R, S)e (s,f (s,u(y(s))),J g (s, T,v(6(r))) dr) z(0,y) + z ap(tyy) =2,(y), 9€z0<y=<m,
0 i=1

$ z(t,0) =z(t,m) =0, te]=[0,b],
+ HR(ﬁr“)(t’ S)(D(S’f (S’u(y(s)))'JO g (S' T’U(‘S(T))) dr Where 0 < a < 1,kq(y) is continuous on [0,7] and ¢; >

s 0,k, > 0.
—Rw.v)(t,syp(s,f(s,u(y(s))), f g(s.r,v(a(r)))dr) }ds Let us take
0

B X=U=1?[0r], Z=c(0,b],B,), B.={ye
< Ko(K70 + Kya) max|u(@) - v(@)| R S

N———

‘ Put x(t) = z(t,.) and u(t) = u(t,.) where u:J X
* M°K7J0 {”f (S'u(y(s)) [0,7] - [0, ] is continuous,
-/ Ss’v(y(s))))” g(et,.)) = Z ¢ (p(t..))
+J; ”g (s,‘r,u(S(r))) and f(t,x,Hx) = ky(. )smz(t )+ Hx,h(t,s,x) =
feye 76,
-9 (5' T'V(5(T)))”}d5 Let A:D(A) c X —» X be the operator defined by Az = z"

with the domain

< K,(K,0 + Kga) max||u(z) —v(z
a(Ky 8 ) Tes () @i D(A) = {z € X:z,z' absolutely continuous, z" €

< X,2(0) = z(r) = 0O}.
+ M°K7f iKS Z ”u (yp(s)) Then
0 p=1 0o
¥p(s) - Z 2
_ v(yp(s))” < p ) Az n*(z,2z,) zn, 2 € D(A)
Cp n=1
" Where z,(y) =2/m sinny,n=1,2,3,... is the
+K; Z ” 8p(s) orthogonal set of eigenvector of A. it is well known that A is
p=1 the infinitesimal generator of an analytic semigroup T(t),t = 0
7(5) in X and is given b
—U(C (s))”( 1 ds g y o
T(t Z=Ze‘"2t z,2,)Z,, Z € X.
< {K.(K,6 + Kza + Mok;,)} rrrlgxllu(‘r) — v ®) & (2 2)zn
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With this choice of 4, f, g, H and B = I, Assume that the

operator W:L2(J,U)/ker W — X defined by

__ 1
TR

- %ﬁ);(b

— §)B e (0=5)(y(s), z,)z, ds

b
Wu f (b = $)P~IT(b — s)u(s)ds

has an inverse operator.

5. Conclusion

In this article, the controllability result for a class of
fractional evolution nonlocal impulsive quasilinear multi-delay
integro-differential systems in a Complete vector space has
been considered. A new set of sufficient conditions are derived
for our main result by using the theory of fractional calculus,
fixed point technique and (B, u)-resolvent family (a new
concept).
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