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Abstract: This paper proposes an estimator for estimating finite 

population mean in the presence of two auxiliary variables. For an 

estimator, two important properties are estimated which are the 

variance ad the unbiased property and in this paper the properties 

were investigated. The proposed estimator has been compared to 

the ratio-cum product estimator developed by [1]. The ratio 

regression estimator which has been proposed was found to 

performs well compared to the ratio-cum product estimator 

developed by [1] in datasets which have high correlation between 

the variables. Two datasets from the finance and motor 

manufacturing sections were used so as to fully explore the 

properties of the estimators.  To compare the performance of the 

proposed estimator, mean squared error was used and the 

proposed estimator registered minimum squared error values in 

many of the datasets. The findings in this paper will benefit in 

understanding finance and motor manufacturing sector especially 

where the variables have a high correlation.  

 
Keywords: Auxiliary variable, Correlation, Predictive approach 

1. Introduction 

The precision of an estimator in survey sampling is increased 

by the use of auxiliary information and it takes advantage of the 

correlation that is there between the auxiliary variables and 

study variables.  Many authors have proposed estimators that 

take into consideration one and two auxiliary variables. [2] 

studied a class of estimator that are ratio based in the presence 

of two or more auxiliary variables. The presence of multivariate 

auxiliary variables enables the formation of more robust 

estimators by combining different estimators, [3]. The use of 

auxiliary information in a parametric super population model in 

the estimation stage has been done by several researchers 

including, [4]-[6].  

In double sampling, auxiliary information has been used. A 

study by [7] found out that the estimator he had proposed 

performed better than the mean per unit estimator. He also 

compared the estimator to other estimators that did not take into 

consideration auxiliary variables and estimators that are not 

optimum asymptotically with the two auxiliary variables.   

Estimation of finite population mean and totals using local 

polynomial regression with two auxiliary variables has been 

investigated by [8]. In their study, they used a super population  

 

approach and a simulation was done. In both models, when the 

model was specified incorrectly, the local linear regression 

dominated the linear regression.  

In this paper, a ratio regression type estimator is proposed 

which is used in estimating the finite population mean and  

derived its variance, Mean Squared Error and we compare the 

proposed estimator with the ratio-cum product estimator 

developed by [1]. The proposed estimator has been developed 

in relation to the motivation behind Cem Kadilar, Hulya Cingi 

[9], [10]. Two datasets from the finance and motor 

manufacturing sectors were used in order to explore the 

properties of the proposed estimator and they gave satisfactory 

results.   

2. The proposed estimator 

A. Some useful information 

Auxiliary information can be used in two stages which include 

the sample stage and the estimation stage. The regression 

estimate of the population mean when there are two auxiliary 

variables 𝑊1 and 𝑊2, will be: 

 

𝑧𝑝̅̅ ̅ = 𝑧̅ + 𝑡1(𝑊1
̅̅ ̅̅ − 𝑤1̅̅̅̅ ) + 𝑡2(𝑊2

̅̅ ̅̅ − 𝑤2̅̅̅̅ )      (1) 

 

Where 𝑡1 =
𝑠𝑧𝑤1

𝑠𝑤1
2   and 𝑡2 =

𝑠𝑧𝑤2

𝑠𝑤2
2 , 𝑠𝑧𝑤1 and 𝑠𝑧𝑤2 are the sample 

covariance between the study variable and the auxiliary 

information. 

The MSE of the estimator is given by: 

𝑀𝑆𝐸(𝑧𝑝̅̅ ̅) =
1−𝑓

𝑛
𝑠𝑧

2(1 − 𝜌𝑧𝑤1
2 − 𝜌𝑧𝑤2

2 ) +

2𝜌𝑧𝑤1𝜌𝑧𝑤2𝜌𝑤1𝑤2 `               (2) 

Survey variables are often estimated by the auxiliary variables, 

a super population approach is used whereby a model which is 

working relating the two auxiliary variables is used.  

B. Existing estimators using two auxiliary variables 

An estimator for the population mean that relies on the 

assumption that the means of the two auxiliary variables are 

known was proposed by Abu-Dayyeh [11]. The proposed 

estimator is given by: 
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𝑦̅ = 𝑦̅ (
𝑋1̅̅ ̅̅

𝑥1̅̅̅̅
)

𝛼1

(
𝑋2̅̅ ̅̅

𝑥2̅̅̅̅
)

𝛼2

               (3) 

 

Where 𝛼1 and 𝛼2  are real numbers. 

 [9] proposed the estimator given in equation 4: 

 

𝑦̅ = 𝑦̅ (
𝑋1̅̅ ̅̅

𝑥1̅̅̅̅
)

𝛼1

(
𝑋2̅̅ ̅̅

𝑥2̅̅̅̅
)

𝛼2

+ 𝑏1(𝑋1
̅̅ ̅ − 𝑥1̅̅̅) + 𝑏2(𝑋2

̅̅ ̅ − 𝑥2̅̅ ̅)   (4) 

 

An exponential-ratio estimator proposed by [12] for estimating 

finite population mean is given by: 

 

𝑦𝐵𝑇̅̅ ̅̅ ̅̅ =  𝑦̅𝑒𝑥𝑝 (
𝑋̅−𝑥̅

𝑋̅+𝑥̅
)                (5) 

 

Jinglu Lu [13] proposed an exponential ratio type estimator 

given by: 

𝑦𝑐𝑙𝑟̅̅ ̅̅ ̅̅ =  𝑦̅𝑒𝑥𝑝 (
𝑋𝑙𝑐̅̅ ̅̅ ̅−𝑥𝑙𝑐̅̅ ̅̅̅

𝑋𝑙𝑐̅̅ ̅̅ ̅+𝑥𝑙𝑐̅̅ ̅̅̅
)               (6) 

C. Proposed estimator 

On the lines of [9] we propose an estimator which belongs to 

the exponential ratio regression class using two auxiliary 

variables for estimating population totals given by: 

 

𝑌̂𝑝𝑟 = [𝑦̅𝑒𝑥𝑝 (
𝑋1̅̅ ̅̅

𝑥1̅̅̅̅
−

𝑥1̅̅̅̅

𝑋1̅̅ ̅̅
) (

𝑋2̅̅ ̅̅

𝑥2̅̅̅̅
−

𝑥2̅̅̅̅

𝑋2̅̅ ̅̅
) + 𝑏1(𝑋1

̅̅ ̅ − 𝑥1̅̅̅) +

𝑏2(𝑋2
̅̅ ̅ − 𝑥2̅̅ ̅)]                 (7)  

We now show that this estimator is unbiased 

 𝐸[𝑌̂𝑝𝑟] = 𝐸 [[𝑦̅𝑒𝑥𝑝 (
𝑋1̅̅ ̅̅

𝑥1̅̅̅̅
−

𝑥1̅̅̅̅

𝑋1̅̅ ̅̅
) (

𝑋2̅̅ ̅̅

𝑥2̅̅̅̅
−

𝑥2̅̅̅̅

𝑋2̅̅ ̅̅
) + 𝑏1(𝑋1

̅̅ ̅ − 𝑥1̅̅̅) +

𝑏2(𝑋2
̅̅ ̅ − 𝑥2̅̅ ̅)]] 

 = 𝐸 [𝑦̅𝑒𝑥𝑝 (
𝑋1̅̅ ̅̅

𝑥1̅̅̅̅
−

𝑥1̅̅̅̅

𝑋1̅̅ ̅̅
) (

𝑋2̅̅ ̅̅

𝑥2̅̅̅̅
−

𝑥2̅̅̅̅

𝑋2̅̅ ̅̅
) + 𝑏1(𝑋1

̅̅ ̅ − 𝑥1̅̅̅) + 𝑏2(𝑋2
̅̅ ̅ − 𝑥2̅̅ ̅)] 

= 𝑌̅𝑒𝑥𝑝𝐸 (
𝑋1
̅̅ ̅

𝑥1̅̅̅
−

𝑥1̅̅̅

𝑋1
̅̅ ̅

) (
𝑋2
̅̅ ̅

𝑥2̅̅ ̅
−

𝑥2̅̅ ̅

𝑋2
̅̅ ̅

) + 𝑏1𝐸(𝑋1
̅̅ ̅ − 𝑥1̅̅̅)

+ 𝑏2𝐸(𝑋2
̅̅ ̅ − 𝑥2̅̅ ̅) = 𝑁𝑌̅𝑒𝑥𝑝(0) 

= 𝑌̅              (8)

         

In a similar manner, the variance of the estimator is derived as 

follows; 

𝑉𝑎𝑟[𝑌̂𝑝𝑟] = 𝐸 [[𝑦̅𝑒𝑥𝑝 (
𝑋1
̅̅ ̅

𝑥1̅̅̅
−

𝑥1̅̅̅

𝑋1
̅̅ ̅

) (
𝑋2
̅̅ ̅

𝑥2̅̅ ̅
−

𝑥2̅̅ ̅

𝑋2
̅̅ ̅

) + 𝑏1(𝑋1
̅̅ ̅ − 𝑥1̅̅̅)

+ 𝑏2(𝑋2
̅̅ ̅ − 𝑥2̅̅ ̅)]]

2

− 𝐸[𝑌̂𝑝𝑟]
2
 

But, 

𝐸[𝑌̂𝑝𝑟] = 𝑌̅ = 𝐸 [𝑦̅2𝑒𝑥𝑝 {2 (
𝑋1
̅̅ ̅

𝑥1̅̅̅
−

𝑥1̅̅̅

𝑋1
̅̅ ̅

) (
𝑋2
̅̅ ̅

𝑥2̅̅ ̅
−

𝑥2̅̅ ̅

𝑋2
̅̅ ̅

)}

+ (𝑏1(𝑋1
̅̅ ̅ − 𝑥1̅̅̅))

2
+ (𝑏2(𝑋2

̅̅ ̅ − 𝑥2̅̅ ̅))
2

] 

+𝑏1(𝑋1
̅̅ ̅ − 𝑥1̅̅̅)𝑏2(𝑋2

̅̅ ̅ − 𝑥2̅̅ ̅)

= 𝑌̅𝑒𝑥𝑝 (𝐸 (
𝑋1
̅̅ ̅

𝑥1̅̅̅
−

𝑥1̅̅̅

𝑋1
̅̅ ̅

) (
𝑋2
̅̅ ̅

𝑥2̅̅ ̅
−

𝑥2̅̅ ̅

𝑋2
̅̅ ̅

))

+ 𝑏1(𝑋1
̅̅ ̅ − 𝑥1̅̅̅) + 𝑏2(𝑋2

̅̅ ̅ − 𝑥2̅̅ ̅) 

= 𝑌̅𝑒𝑥𝑝(0) = 𝑌 = 𝐸 (𝑦̅2𝑒𝑥𝑝 (2 (
𝑋1
̅̅ ̅

𝑥1̅̅̅
−

𝑥1̅̅̅

𝑋1
̅̅ ̅

) (
𝑋2
̅̅ ̅

𝑥2̅̅ ̅
−

𝑥2̅̅ ̅

𝑋2
̅̅ ̅

)))

+ (𝑏1
2 (

𝜎1
2

𝑛
+ 𝑋̅1

2) + 𝑏1
2 (

𝜎1
2

𝑛
+ 𝑋̅1

2)) 

(𝑏1
2 (

𝜎1
2

𝑛
+ 𝑋̅1

2) + 𝑏1
2 (

𝜎1
2

𝑛
+ 𝑋̅1

2) − 2𝑏1
2𝑋̅1

2 + 𝑏2
2 (

𝜎2
2

𝑛
+ 𝑋̅2

2)

+ 𝑏2
2 (

𝜎1
2

𝑛
+ 𝑋̅2

2)) 

= (
𝜎𝑦

2

𝑛
+ 𝑌̅2 + 2𝑏1

2
𝜎1

2

𝑛
+ 2𝑏2

2
𝜎2

2

𝑛
− 𝑌̅2)

=
𝜎𝑦

2

𝑛
+ 2𝑏1

2
𝜎1

2

𝑛
+ 2𝑏2

2
𝜎2

2

𝑛
 

Thus 

𝑉𝑎𝑟[𝑌̂𝑝𝑟] =
1

𝑛
(𝜎𝑦

2 + 2𝑏1
2𝜎𝑋1

2 + 2𝑏2
2𝜎𝑋2

2 )  

                     (9) 

3. Description of the datasets and studied variables 

A. Datasets 

In order to illustrate how the estimator given in equation 9 

performs in relation to the ratio-cum product estimator 

proposed by Singh for finite population mean, two datasets 

were used and empirical results presented. 

B. Description of variables 

1) Dataset I: mtcars.  

𝑌: Miles per gallon (mpg) 

𝑋1: Rear axle ratio (drat) 

𝑋2: Mile time (qsec) 

𝑁 = 32 

𝑛 = 20 

𝑋̅1 = 3.597 

𝑋̅2 = 17.849 

𝑌̅ = 20.091 

𝑆𝑥1
2 = 0.3158 

𝑆𝑥2
2 = 2.5412 

𝑆𝑦
2 = 41.724 

𝜌𝑦𝑥1 = 0.7814 

𝜌𝑦𝑥2 = 0.4498 

𝜌𝑥1𝑥2 = 0.2427 

2) Dataset II: The freeny data 

𝑌: y 

𝑋1: Lag quarterly revenue 

𝑋2: Income level 

𝑁 = 39 

𝑛 = 25 

𝑋̅1 = 9.281 
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𝑋̅2 = 6.03 

𝑌̅ = 9.306 

𝑆𝑥1
2 = 0.0424 

𝑆𝑥2
2 = 0.0096 

𝑆𝑦
2 = 0.0435 

𝜌𝑦𝑥1 = 0.9941 

𝜌𝑦𝑥2 = 0.9878 

𝜌𝑥1𝑥2 = 0.9864 

3) Graphical relationships between variables 

 In investigating the linearity assumption between the 

dependent variable and the auxiliary variables, dot plots were 

used. Figure 1 and 2, depicts a positive relationship between the 

auxiliary variables and the study variable. In literature 

reviewed, the positive relationship between auxiliary variables 

and study variable is of importance.   

 

 

 
Fig. 1.  Scatter plots for dataset 1 

 

 

 
Fig. 2.  Scatter plots for dataset 2 

4. Results and discussions 

For a study to utilize two auxiliary variables, they should be 

positively correlated. Figure 1 and 2 supports this claim 

sufficiently. The proposed estimator was used to compute the 

population mean for the two datasets and the population mean 

was also calculated using the ratio-cum estimator proposed by 

Singh. The performance of the proposed estimator and the ratio-

cum product estimator proposed by Singh was compared using 

the Mean Squared Error of the two estimators. The estimator 

that produced the least MSE was deemed the best performing 

in the presence of two auxiliary variables.  

Table 1 presents the Mean Squared Error of the proposed 

estimator and the estimator by [1]. The estimators were applied 

to the two datasets and results presented. In population 2 the 

variables were highly correlated and the proposed estimator 

produced the least mean squared estimator compared to the 

ratio-cum estimator proposed by Singh. 

In Table 2 the finite population mean estimates were 

calculated. The estimates from the proposed estimator were 

close to the Population mean. 

5. Conclusion 

In this paper, a ratio-regression type estimator using two 

auxiliary variables has been proposed and compared to the 

ratio-cum product estimator developed by Singh. In the 

presence of two auxiliary variables that are highly correlated 

the proposed estimator performs better than the ratio-cum 

product estimator developed by Singh. In data sets which have 

moderate correlation the ratio-cum product estimator by Singh 

performs better. The Mean Squared Error was used to compare 

the performance of the two estimators. In cases where the 

variables are highly correlated, we recommend the use of the 

proposed estimator as it gives more accurate estimates.  
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