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Abstract: In this paper, we investigate the geometry of Hilbert
spaces and its related theorems are proved. This 3D space was
applied on geophysical vibration signals from the process of
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1. Introduction

The highest degree of generalization and abstraction of the
physical space represent the classes of functional spaces called
Hilbert spaces. The definition of Hilbert space is the following:
Hilbert space is a complete space with inner product. It shows
infinite-dimensional and complex. Hilbert Spaces are Inner
Product Spaces, with rich geometric structures because of the
orthogonality of vectors in the space. Hilbert space is a structure
which combines the familiar ideas from vector spaces with the
right ideas of analysis to form a useful context for handling
mathematical problems of a wide variety [1].

2. Mathematical formulation
Definition: 1.1

An inner product on a complex linear space L is a function
¢ from L x L to C such that

L ¢(xq fi +% f2,9) =% d(f1, 9) +%; ¢(f2, 9)
foroc;, o, inCand fi,f2, ginlL

2. ¢(f,P191 + B292) = B1d(f, 91) + B0(f, 92)
for B1,6, inCand f,g,,9, inL

3. ¢(f,9) =¢(g,f)for fand ginL and

4. ¢(f,f)=0forfinLand ¢(f,f) =0
ifandonlyif f =0

A linear space equipped with an inner. Product is said to be
and inner product space.

Lemma: 1.2

If L is an inner product space with the inner product ¢ then

1
d(f,9) = Z¢(f+g.f+g) -o(f—-9.f—-9)
+ip(f +ig f+ig) —idp(f +ig f+ig)
Forfandgin L.

Example:

Let C™ denote the collection of collection of complex ordered
n-tuples
{x:x = (x4, x5, ..

X))}

Inner product space in C™

n

(y) = ) w3,

i=1

and satisfies the eulidean norm

n
Il = O Il
i=1

let {x*}7_, is a cauchy sequence in C"
i — x| < [ — 2™ |2

X = (1, Xg e ve e x,) where x; = lim xF
k—o0

Thus x in C™ and

lim x* = x in the norm of C™

k—o0

= C™ is Hilbert space

12(z*) is also Hilbert space

12(z*) collection of complex functions
¢ on z*t suchthat Y2_, |p(n)|? < oo
Definition: 1.3

If L is an inner product space, then the norm || || on L
associated with the inner product is defined by ||IfIl = (f, f)/?
for fin L.

Cauchy — Schwarz inequality: 1.4

If f and g are in the inner product space L then |(f,g)| <
A gl

Proposition: 1.5
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1. If L is an inner product space then || || defines a norm

onL
2. In an inner product space, the inner product is
continuous.
Definition: 1.6

In the inner product space L two vectors f and g are said to
be orthogonal denotedf L g if (f,g) = o

A subset S of L is said to be orthogonal if f L g for fand g
in S orthogonal if, in addition ||f|| = 1 forfin S.

Pythagorean Theorem: 1.7
If {fi,f -

product

... fu} is an orthogonal subset of the inner

space L then
n n

||Zﬁ||2=Z||ﬁ~||2

Parallelogram law: 1.8
If fand g are in the inner product space L, then
If+gll?+11f —gll> =2 1IfI* + 2 llglI?
Definition: 1.9

A Hilbert space is a complex linear space which is
complete in the metric induced by the norm.

The space H?: 1.10

Let T denote the unit circle, U the normalized lebesgue
measure T and L?(T) the Hilbert space defined with respect to
u. The corresponding hardy space H? is defined as the closed
subspace.

where y,, is the function y,, (et) = e™
a slight variation of this definition is

{f € LAY (foxm) =0
Definition: 1.11

for n=-1,-2,-3,.....}

If M is a subset of the Hilbert space H; then the orthogonal
complement of M denoted M’, is the set of vectors in H
orthogonal to every vector in H.

Riesz Representation theorem: 1.12
If ¢ is a bounded linear functional on H;
then there exist a unique of in H such that

d(f)=(f,g) for g&finH.

Definition: 1.13

A subset {e.}«ea Of the Hilbert space H is said to be an
normal basis if it is orthonormal and the smallest closed
subspace containing it is H.

Theorem: 1.14
Every Hilbert space {# {0}} possesses an orthonormal basis.
Definition: 1.15

If H is a Hilbert space then the dimension of H denoted dim it,
is the cardinality of any orthonormal basis for H.

Theorem: 1.16

Two Hilbert spaces are isomorphic if and only if their
dimension are equal.

Example: 1.17

1. For C™ with n-tuples
{(1,0,0......0),(0,1,00, ... ...0) ... .... (0,00 ... ....1)}
form an orthonormal basis dim C™ = n

2. Let f € [?(z") defined by

f= if(n)en

= {e }o-p isan orthonormal basis
for 1?(z %)

3. Hilbert space
R™ is an inner product space with
Inner product (x,y) = Yr=1 Xk Vi

Orthonormal basis 1.18
Let H=1[?andforn=12, ......

u, = (0,.....0,1,0,0, ......)
Where 1 occurs only in the nt" entry.
Then {u, u,, .....}isan orthonormal setinH. If x € H
x(n) =< x,u, >=0foralln, thenx =0
Hence {u,:n = 1,2, ... .... is an orthonormal basis for H.

3. Conclusion

The study of Hilbert spaces and its related theorems are
discussed. Hilbert spaces provide special geometrical properties
are discussed and it is useful for drilling of rocks.
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